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Credit Derivatives and CDO’s

i Comparing Copula Models for the Pricing of Basket

= Semi analytical pricing and hedging of basket default
swaps and CDO tranches

= Homogeneous and non homogeneous cases

= Computation of sensitivity with respect to credit

cCurves
= Correlation parameters

= Choice of copula



i Pricing of Basket default swaps and CDO tranches

m .= 1,...,n names.
= T1,...,Tp default times.
= N, nominal of credit I,

= 0; recovery rate (between 0 and 1)
= N;(1 —6;) lossgiven default (of namei)

« if N,;(1 — §;)doesnot depend on i: homogeneous case

= Ootherwise, heterogeneous case.




i Pricing of Basket default swaps and CDO tranches

= Credit default swap (CDS) on namei:
= Default leg:
= paymentof N;(1—6;,) at 7 if i sT
= Where T isthe maturity of the CDS
= Premium leg:
= constant periodic premium paid until min(7;, T')
s CDSpremiums depend on maturity T
= Liquid markets: CDS premiums, inputs of pricing models



i Pricing of Basket default swaps and CDO tranches

= Hirst to default swap:

= Default leg: payment of N;(1 — ¢;) at:

L =min(ry, ..., )

= Wherel isthe name in default

1

« If 75 < T maturity of First to default swap

= Homogeneous case:
= payment does not depend on name i in default
= Premium leg:
« constant periodic premiumuntil min(7", T)
= Remark: payment in case of simultaneous defaults ?



i Pricing of Basket default swaps and CDO tranches

= General Basket ki to default swaps

s 7. ... 7" ordered default times

= K to default swap default leg:
= Paymentof N;(1—6;) at 7"
= Wherei isthe name in default,

k

« If 77 <T maturity of K to default swap

= Premium leg:

= constant periodic premium until min(r", T)



Pricing of Basket default swaps and CDO tranches

| «Counting time is not so important as making time count»

= HOoMmogeneous case:
= payoff does not depend on namei in default

= Simpler payoff
= Number of namesin defaults at t: N(t)
s Remark that: 7 >t < N(t) < k

= Default payment when N(t) jumps from k to k+1

= Default payment N;(1 — 6;) does not depend on namei.



i Pricing of Basket default swaps and CDO tranches

= Synthetic CDO tranches

= Payments are based on the accumulated |osses on the
pool of credits

s Accumulated loss at t:
Lt)= ) Ni(1—§)Ni(t)

1<i<n

= where N;(t) = 1,.<, N;(1— 0;)lossgiven default.

= L(t) pure jump process



i Pricing of Basket default swaps and CDO tranches

= Trancheswith thresholds 0 < 4 < B <Y N,
= Mezzanine: losses are between A and B

= Cumulated payments at time t on mezzanine tranche
M(t) = (L(t) — A)) 11a,5)(L(t)) + (B — A)l}p [ (L(1))

= Payments on default leg:
AM(t)=M(t)—M(t) atime t<T

= Payments on premium | eg:
= periodic premium,
= proportional to outstanding nominal: B — A — M(t)



i Pricing of Basket default swaps and CDO tranches

T
= Upfront premium: E / B(t)dM(t)
0

« B(t) discount factor, T maturity of CDO

= Integration by parts B(T)E[M(T)] + f ) E[M(t)]dB(t)
0

I
s Where E[M(t)] = (B — A)Q(L(t) > B) + [ (z — A)dFp ()
JA

= Premium only involves loss distributions



Pricing of Basket default swaps and CDO tranches

CDO premiums only involve

loss distributions R #lr
One hundred names, same %%é
nominal. g %%
Recovery rates: 40% 00 ~
Credit spreads uniformly o 0
distributed between60and ~_ss-—4
250 bp. i
Gaussian copula, correlation: %% g
0.0 vy h

50%
10° Monte Carlo ssmulations

15 T ENIR
18 24 24 o7 30 33 e
Loss (%) B a2 45

Lozs distribution over time for the table B example with 50% corralation
for the semi-explicit approach (top) and Monte Carlo simulation (boftom)



i Pricing of Basket default swaps and CDO tranches

= Contribution of namesto the PV of the default leg

= See « Basket defaults swaps, CDO’ s and Factor Copulas »
available on www.defaultrisk.com

= Same methodology applies for homogeneous basket
default swaps

= |.e. payment in case of default does not depend on name in
default

= Snce the payoff only involves the number of defaults

= For non homogeneous basket default swaps, pricing
formulae also exist, but are more tricky



i Pricing of Basket default swaps and CDO tranches

= One factor Gaussian copula:
« V.V;, i =1,...,n independent Gaussian,

Vi=pV +4/1-p3V,

= Default times. 7; = F-_l(‘b(‘/%))

[/

v ey —1 .
= Conditional default probabilities: p;" d)( it (E(*)))

V1=
= Example: non homogeneous first to default swap
T n I i|V]

= Default leg /DZMiB(f)E H(l—p§|v)d}:;t di
i=1

| J 7 |




i Sensitivity with respect to credit curves

= Computation of Greeks
= Changesin credit curves of individual hames
= Changesin correlation parameters

= Greeks can be computed up to an integration over
factor distribution
= Lengthy but easy to compute formulas

= Thetechnique is applicable to Gaussian and non Gaussian
copulas

s See « | will survive », RISK magazine, June 2003, for more
about the derivation.



= Example: six names
portfolio

= Changesin credit curves of
Individual names

= Amount of individual CDS
to hedge the basket

= Semi-analytical more
accurate than 10° Monte
Carlo smulations.

= Much quicker: about 25
Monte Carlo smulations.

i Sensitivity with respect to credit curves

A. Comparison of the semi-explicit formulas
with Monte Carlo simulations

First to default Sacond to default Third to default

SE MC SE MC SE MC

0% 10751 10759 214.8 214.7 28.2 A
20% S27.0 =259 2872 2815 ol.4 G518
0% B5E 5 85T 2568 2576 T7E TED
A% TU5.6 ra5.2 2683.3 2842 QAT 22.0
B G746 B7TE.0 JEE8 JEH4 1155 1188
B 5731 aTLT 266.2 206.1 141.0 1409
10 5000 500.0 2500 2500 1500 1800

Pramiums in basis points per annum as a function of corralation for a five-
yiaar maturity basket with cradit spreads of 256 B0, 100, 150, 260 and
S00bp and equal racovery rates of 40%

1. Deltas calculated using semi-explicit

formulas and Monte Carlo approaches

. —a— 15t (BE) —— 15t (MC)
—a—2nd (SE) —e—2Znd (MC)
drd (SE) —=— 3rd (MC)

S

100 200 300 400 500
Cradit apread (bp)
Comparison of deltas calculated using the analytical formulas and 105

Monte Carle simulations for the examgde given in table A. The Monte
Caro deltas are calculated by applying a 10bp parallel shift to each curve

Motional equivalent delta {2&)
o B 858838

(=]



i Sensitivity with respect to credit curves

= Changesin credit curves of individual names
= Dependence upon the choice of copula for defaults

2. Deltas using Gaussian and Clayton copula

Motional equivalent delta (%)
Lo38858838¢

. —a— 1a8t (Gaussian)
1 —=—1st {Clayton)

_._.__—-—ﬁ_'__.

——2nd (Clayton)
3rd (Gaussian)
—a— 3rd {Clayton)

—u— 2nd (Gaussian)

100 200 300 400 S00
Credit spread (bp)

Comparison of deltas calculated using Gaussian (30% correlation)
and Clayton copulas (B = 0.27)



i Sensitivity with respect to credit curves

Hedging of CDO tranches
with respect to credit curves
of individual names

Amount of individual CDS
to hedge the CDO tranche
Semi-analytic : some
seconds

Monte Carlo more than one
hour and still shaky

4. CDO tranche deltas

e

L
= &0 F
£ e & Equity
= B Mezzanine
2 40 Senior
%— 301 . rr AR
E = M’-
S 10
=]
z 1} T T T 1
L 100 150 200 250
Credit spread (bp)
= 101
£
T ﬁﬂM
o A » Equity
[ B Mezzanine
§ 40 Sanior
2 30 .
5 L 4
L o] A IS
= 20-
=
g 10-
% l::l 1 1 1 1
&0 100 150 200 250
Credit spread {op)

CDO tranche deltas using the analytical method {top) and Monte
Carlo (battom) for a correlation of 505



i Correlation Parameters

= CDO premiums (bp pa)

= With respect to correlation f i“[llli]‘l nezzane | seor

= Gaussian copula ' '

= Attachment points: 3%, 10% b tkit { It

= 100 names, unit nominal ” i m'“ {J'” l"l'”:J

= 5years maturity, recovery l,*
rate 40% 0% | 446 | T8 | o
distributed between 60 and NUART (f A
150 bp A T T

] EC]Ulty tranche pl'emiums s
d Ith el ati iy [ F
Sreasewih corredion i S O |

= Senior tranche premiums increase
with correlation

=  Small correlation sensitivity of
mezzanine tranche

ihY




i Correlation parameters

= Gaussian copula with sector correlations
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= Analytical approach still applicable

= “Inthe Core of Correlation” , to appear in Risk Magazine




Correlation Parameters

= TRAC-X Europe

Names grouped in 5 sectors
| nter sector correlation: 20%

| ntrasector correlation
varying from 20% to 80%

Tranche premiums (bp pa)

s Increase in intrasector
correlation

Less diversification

|ncrease in senior tranche
premiums

Decrease in equity tranche
premiums

1 60% 60%

60% 1  60% 20%

60% 60% 1
1
1

1 60% 60% |
20% 60% 1  60% |
60% 60% 1 |
0-3%| 3-6%| 6-9%| 9-12%| 12-22%
20%| 12739| 2875 934 333 6.0
30%| 1226.6| 2944| 1027 399 79
40%| 11689| 303.5| 1140 473 103
30%]| 1100.5) 3142| 1276| 363 133
60%| 1020.9| 325.8| 143.8| 67.2 17.0
70%| 929.1) 337.5| 163.6| 8038 21.6
80%| 8219 349.3| 188.0] 9838 272




Correlation Parameters

= Implied flat correlation

= With respect to intrasector
correlation
= * premium cannot be matched
with flat correlation

= Dueto small correlation
sengitivities of mezzanine
tranches

= Negative correlation smile

1 60% 60%
60% 1  60% 20%
60% 60%
1
1
1 60% 60% |
20% 60°% 1  60% |
60% 60% 1 |
0-3%| 3-6%| 6-9%)| 9-12%| 12-22%
20%)| 20.0%)| 20.0%| 20.0%| 20.0%| 20.0%
30%)| 22.2%)| 22.6%| 22.1%| 22.2%| 22.0%
40%| 25.0%| 27.6%| 25.2%| 24.6%| 242%
30%)| 28.5%| * 297%)| 27.3%| 2638%
60%| 32.8%| * 40.3%)| 30.6%| 293%
T0%)| 44.9%| * * 34.8%| 33.1%
80%| 44 8%| * * 41.3%| 37.1%




i Correlation parameters

s Parwise correlation sensitivities

= not to be confused with sengitivities to factor loadings

Vi=pV +1/1—pV;

= Correlation between namesi and |: £,0;
= Sengitivity wrt factor loading: shiftin p

= All correlations involving name | are shifted

s Parwise correlation sensitivities
= Local effect

1 pp
Py 1




Correlation Parameters

Pairwise Correlation sensitivities
= Protection buyer
50 names
= Spreads 25, 30,..., 270 bp
Three tranches:
= attachment points: 4%, 15%
Base correlation: 25%
Shift of pair-wise correlation to 35%
Correlation sensitivities wrt the
names being perturbed

equity (top), mezzanine (bottom)
= Negative equity tranche correlation
sensitivities
= Bigger effect for names with high
spreads

Pairwise Correlation Sensitivity (Equity Tranche)

[
o
c
I
<
O
>
o
25
115
Credit spread
2 (bps)
Credit spread 1 (bps)
Pairwise Correlation Sensitivity (Mezzanine Tranche)
[
j=2
c
<
<
(@]
>
o

115 Credit spread
2 (bps)

Credit spread 1 (bps)




= Senior tranche correlation
sensitivities
= Positive sengitivities
= Protection buyer islong a call
on the aggregated loss

= Positive vega

= Increasing correlation
= Implieslessdiversification
= Higher volatility of the losses

= Names with high spreads
have bigger correlation
sensitivities

Correlation Parameters

PV Change

Pairwise Correlation Sensitivity (Seni

0.003
0.002

0.002

H
T

Hh

0.001 T

0.001

0.000
25
65
105 145 185 25
225 9p5

Credit spread 1 (bps)

or Tranche)

205

115 Credit spread
2 (bps)




i Choice of copula

= Joint survival function:

S(tla SR :It'n-) — Q(Tl >t1,...,Tp > t‘n,)

= Needsto be specified given marginal distributions.
= Si(t)=Q(7; >t) or F(t)=Q(7; <t) given from CDS quotes.
= (Survival) Copula of default times:
C(Sy(t1),-..,Sn(tn)) = S(ty,... ,tpn)

= C characterizes the dependence between default times.



Choice of copula

= Factor approaches to joint distributions:
= V: low dimensional factor, not observed « latent factor ».
= Conditionally on V, default times are independent.

= Conditional default probabilities:

1% V

p' =Qmi<t|V), ¢V =Qi>t|V).
= Conditional joint distribution:

Q(Tlitlu“- Tﬂgt?’llv H p?|V
1<i<n
= Joint survival function (impliesintegration wrt V):

Q(T]_ >t]_,... ,Tﬂ>tn):E Hq?‘v




Choice of copula

= Why factor models ?
« Sandard approach in finance and statistics
= Tacklewith large dimensions

= Need tractable dependence between defaults:

= Parsimonious modeling
=« One factor Gaussian copula: n parameters
= But constraints on dependence structure

« Semi-explicit computations for portfolio credit derivatives
=« Premiums, Greeks
= Much quicker than plain Monte-Carlo



i Choice of copula

= One factor Gaussian copula:
= V.V, i=1,...,n  independent Gaussian,

Vi=pV+1/1-piV

= Default times; 7; = F; 1(®(V))

7

= F, marginal distribution function of default times
—p;V + "»I)l(ﬂ(t)))

v 1 —,ﬂ?

= Conditional default probabilities; ;" = ¢ (

= Joint survival function:

- v — DL Fi(¢,
S(tl, S / (]:!: () (’(? \/ﬁ(f )))) gp(-’f,:)d?}




Choice of copula

= Gaussian copula
= No tail dependence (if |p|<1)
= Upper tail dependence

u,u) +1—2
lim Q (7; > Fl{u) "r > Fy ““) — lim Clu,u) + u
u—=] — 1 — 4

ATCSILL P

s Kendall'stau ¢« =

1|2

-

Py = iLf Colu, v)dCy(u,v) — 1
[0,1)?

= Spearman rho p.giumumfm

pa—lﬁf/wdﬂ,{uﬂ—3-12/[@ (u,v)dudv — 3

[0.1]2 0,1



i Choice of copula

= Concordance ordering
p<p = Cplug,... un) < Cylu,. .. un)
= p =0 Independence between default dates

" C(ug,...,up) =u] X ... X Up

= Product copula

= p = 1 comonotonic case:
= “ perfect correlation” between default dates

= C(uy,...,unp) =min(ug,... ,un)



i Choice of copula

= Student t copula
= Embrechts, Lindskog & McNeil, Greenberg et al, Mashal & Zeewi,

Gilkes & Jobst
rXi = pV +4/1-p*V,
, = \/WX X
Ti = |:i_:L (tv (\/I ))
= V.,V independent Gaussian variables

2
followsa X, distribution

OE|<

onditional default probabilities (two factor model)

plIVW —(I)[_IOV +W‘1/2 (F(t))J
t /71_10




i Choice of copula

= Student t copula
= Kendall’stau: o« =§arcsinp

= Tall dependence parameter 2tv+1(—\/vT—1>< t_p]
0

= correlation parameter o = 0 does not lead to
Independence

= Correlation parameter = 1, comonotonic case
= Copula increasing with correlation parameter



i Choice of copula

= Clayton copula

= Schonbucher & Schubert, Rogge & Schonbucher

Vi=v (—InTUj 7 =F*V) w(9=(+s) "

= V. Gamma distribution with parameter ¢
= Ug,..., U, independent uniform variables
= Conditional default probabilities (one factor model)

piw = exp (V (l = E(t}_ﬂ))

» Frailty model: multiplicative effect on default intensity

0 )—lf'ﬂ

» Copula: C'(uq, ... uy,) = (“1_ + ...+ -u-f —n+1



i Choice of copula

= Clayton copula

= Archimedean copula

= lower tail dependence: \; = 2 1/¢

= NO upper tail dependence

0
= Kendal tau rx =575
= Jpearman rho hasto be computed numerically

= (y Increasing with ¢
= 6 =0 Independence case
s 0 = +00 comonotonic case



i Choice of copula

= Shock models
= Duffie & Sngleton, Giesecke, Elouerkhaoui, Lindskog & McNeil, Wong

= Modeling of default dates. 7; = min(7;, 7)
= Q(ri =714) > Q (7 < min(7y, 7)) > 0 Simultaneous defaults.
= Conditionally on 7, 7; areindependent.
Qri<ty,...,m<ta|7)= ]| Qi <til7)
1<i<n

= Conditional default probabilities (one factor model)

ilT

P = LrsQ(Ti < 1) + L<y



i Choice of copula

= Shock models
= 7,7, exponential distributions with parameters A, ),

= Survival copula C' is Marshall Olkin copula
A _ — (Y l—av;
C'(u;, uj) = mm(ui &*"uj,u.iuj g

a; =N (A+ X))

&?;Cl:‘j

= Kendall tau p}/
o+ aj — Q0

300

= Searmanrho o4/ —
Sp Ps 20u; + 2crj — Q0



i Choice of copula

= Shock models
« Tail dependence min (v, ;)
= Symmetric case. ; = «
= « = () independence case
= @ = | comonotonic case

= Marsnhall-Olkin copula increasing with v



i Choice of copula

= Example 1: first to default swap

T N

| i|V]
. Defauitleg [ > MBOE |[](1-p") L | at
1=1

= Onefactor Gaussian p,' = q)(
= Clayton p." =exp (V (1- F()™))
« Marshall Olkin p)” = Lr=1Q(7; < ) + L

- audent t pil\/,w _ q){—pv +W—1/2,[V_1(Fi (t))]

J1-p?

—p;V + @1(1’5}.(#)))

Vv 1 —,ﬂ?

= Ease of implementation



i Choice of copula

= Example 2: CDO'’s
s Accumulated lossat t; L(t Z N;j(1—6

= Where N;(t) = 1, <4, N;(1—6;) lossgiven default.

t)]

s Characteristic function: @L(t)(u)zE[emL(

= By conditioning: ¢, (u)=E | |] (1 pi"

1<j<n

= Distribution of L(t) can be obtained by FFT.

= Only need of conditional probabilities

j1V
+Pt P15

;)




Choice of copula

B. Pricing of five-year maturity CDO tranches

Equity (0-3%)  Mezzanine (3-14%)  Senior (14-100%)

SE MC SE MC SE MC
0% 82194 B2ZEB5 816.2 814.3 0.0 0.0
20% 43211 43253 gB094 BOBS aES Ty 137
0% 26888 26907 7343 731.4 33.4 332
G0% 1,7860.8 17385 641.0 G3T.8 54.1 a7
B0% 10775 10679 b2¥5 5269 77.0 6.6
100% 410.3 4066 3712 367.0 110.4 109.6

Fremiums in basis points par annum as a function of corralation for B-year
rmaturity CDO tranches on a portfolio with cradit spreads uniformly

distributed betwaen G0 and 25000, The racovery rates are 40%

= Semi-explicit vs MonteCarlo
= One factor Gaussian copula
= CDO tranches margins with respect to correlation parameter



Choice of copula

= First to default swap
premium vs number of
Nnames
= Fromn=1to n=50 names
= Unit nominal
= Credit spreads = 80 bp
= Recoveryrates= 40 %
= Maturity = 5 years
= Basket premiumsin bppa
= Gaussian correlation
parameter= 30%
= Gaussian, Student t,
Clayton and Marshall-Olkin
copulas

Names Gaussian Sttég)en t St(uldz?qt Clayton MO
1 80 80 80 80 80
5 332 339 335 336 244
10 567 578 572 574 448
15 756 766 760 762 652
20 917 924 920 921 856
25 1060 1060 1060 1060 1060
30 1189 1179 1185 1183 1264
35 1307 1287 1298 1294 1468
40 1417 1385 1403 1397 1672
45 1521 1475 1500 1492 1875
50 1618 1559 1591 1580 2079

Kendall 19% 8% 33%




Choice of copula

= Fromfirst to last to default
swap premiums

10 names, unit nominal

Soreads of names uniformly
distributed between 60 and
150 bp

Recovery rate = 40%
Maturity = 5 years

s Gaussian correlation: 30%

Same FTD premiums imply

consistent prices for
protection at all ranks

Model with ssimultaneous

defaults provides very
different results

Rank Gaussian Stlzg)en t Stzjldz(;nt Clayton MO
1 723 723 723 723 723
2 277 278 276 274 160
3 122 122 122 123 53
4 55 55 55 56 37
5 24 24 25 25 36
6 11 10 10 11 36
7 3.6 35 4.0 43 36
8 12 11 13 15 36
9 0.28 0.25 0.35 0.39 36
10 0.04 0.04 0.06 0.06 36
Kendall 19% 19% NS




Choice of copula

= CDO margins (bp)

With respect to correlation
Gaussian copula

Attachment points: 3%, 10%
100 names

Unit nominal

Credit spreads 100 bp

5 years maturity

equity mezzanine senior
0% 5341 560 0.03
10% 3779 632 4.6

30%

2298

612

20

50 %

1491

539

36

70 %

937

52

100%

167

167

91




Choice of copula

Y 0% | 10% | 30% | 50% | 70% | 100%
Gaussian | 560 | 633 | 612 | 539 | 443 | 167
Clayton 560 | 637 | 628 | 560 | 464 | 167
Student (6) | 676 | 676 | 637 | 550 | 447 | 167
Student (12) | 647 | 647 | 621 | 543 | 445 | 167
MO 560 | 284 | 144 | 125 | 134 | 167

Table 8: mezzanine tranche (bp pa)

Y 0% | 10% | 30% | 50% | 70% | 100%
Gaussian | 0.03| 46 | 20 36 52 91
Clayton 0.03| 40 | 18 33 50 01
Student(6) | 7.7 | 7.7 | 17 34 51 91
Student (12) | 29 | 29 | 19 35 52 91
MO 0.03| 25 49 62 73 91

Table 9: senior tranche (bp pa)




i Conclusion

s Factor models of default times:

= Deal easily with a large range of names and dependence
structures

= Smple computation of basket credit derivativesand CDO’s

= Prices and risk parameters

= Gaussian, Clayton and Student t copulas provide very
similar patterns

= Rank correlation and tail dependence not meaningful

= Shock models quite different



	Comparing Copula Models for the Pricing of Basket Credit Derivatives and CDO’s
	Comparing Copula Models for the Pricing of Basket Credit Derivatives and CDO’s
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	«Counting time is not so important as making time count» Pricing of Basket default swaps and CDO
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Pricing of Basket default swaps and CDO tranches
	Sensitivity with respect to credit curves
	Sensitivity with respect to credit curves
	Sensitivity with respect to credit curves
	Sensitivity with respect to credit curves
	Correlation Parameters
	Correlation parameters
	Correlation Parameters
	Correlation Parameters
	Correlation parameters
	Correlation Parameters
	Correlation Parameters
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Choice of copula
	Conclusion

