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Choice of copula and pricing of credit derivatives

! Basket default swaps and CDO tranches

! Factors and conditional independence framework

! Model dependence for credit derivatives premiums

! Model dependence and sensitivity analysis



Basket default swaps and CDO tranches

! names.

! default times.

! nominal of credit i, 

! recovery rate (between 0 and 1)
! loss given default (of name i)

! if                     does not depend on i: homogeneous case

! otherwise, heterogeneous case.



Basket default swaps and CDO tranches

! Credit default swap (CDS) on name i:
! Default leg: 

! payment of                       at        if   
! Where T is the maturity of the CDS

! Premium leg: 
! constant periodic premium paid until 

! CDS premiums depend on maturity T
! Liquid markets: CDS premiums, inputs of pricing models



Basket default swaps and CDO tranches

! First to default swap:
! Default leg: payment of                  at:

! Where i is the name in default
! If                maturity of First to default swap

! Premium leg: 
! constant periodic premium until
! Remark: payment in case of simultaneous defaults ?



Basket default swaps and CDO tranches

! General Basket default swaps
! ordered default times
! k-th to default swap default leg:

! Payment of                  at 
! where i is the name in default,
! If               maturity of k-th to default swap

! Premium leg: 
! constant periodic premium until



Basket default swaps and CDO tranches

! Payments are based on the accumulated losses on the 
pool of credits

! Accumulated loss at t:

! where                                              loss given default.

! pure jump process



Basket default swaps and CDO tranches

! Tranches with thresholds
! Mezzanine: losses are between A and B

! Cumulated payments at time t on mezzanine tranche

! Payments on default leg:
! at time 

! Payments on premium leg: 
! periodic premium, 
! proportional to outstanding nominal: 



Factors and conditional independence

! Payoffs depend on default times and recovery rates
! Pricing rule : some « risk-neutral » probability Q
! From now on, recovery rates are independent 

variables
! More on recovery rates and default dates: 
! Double impact, credit risk assessment and collateral value

! Default dates may be dependent
! Marginal distribution function:
! Marginal survival function:



Factors and conditional independence

! Joint survival function:

! Needs to be specified given marginals.

! given from CDS quotes.

! (Survival) Copula of default times:

! C characterizes the dependence between default times.



Factors and conditional independence

! Factor approaches to joint distributions:
! V: low dimensional factor, not observed « latent factor ».
! Conditionally on V, default times are independent.
! Conditional default probabilities:

! Conditional joint distribution:

! Joint survival function (implies integration wrt V):



Factors and conditional independence

! One factor Gaussian copula:
! independent Gaussian,

! Default times:

! Conditional default probabilities:
! Joint survival function:

! Can be extended to Student t copulas (two factors).



Factors and conditional independence

! Gaussian copula
! No tail dependence (if            ) 
! Upper tail dependence

! Kendall’s tau

! Spearman rho

1ρ <



Factors and conditional independence

! Concordance ordering

! independence case
!

! Product copula

! comonotonic case
!

! Upper Fréchet bound



Factors and conditional independence

! Clayton copula (Schönbucher & Schubert)
! Conditional default probabilities

! V: Gamma distribution with parameter
! Frailty model: multiplicative effect on default intensity

! Joint survival function:

! Copula:

θ



Factors and conditional independence

! Clayton copula: 
! Archimedean copula
! lower tail dependence: 
! no upper tail dependence

! Kendall tau
! Spearman rho has to be computed numerically

! increasing with 
! independence case
! comonotonic case 



Factors and conditional independence

! Shock models (Duffie & Singleton, Wong)

! Modelling of defaut dates:
! simultaneous defaults.

! Conditionally on            are independent.

! Conditional default probabilities:



Factors and conditional independence

! Shock models
! exponential distributions with parameters
! Survival copula     .
! Marshall Olkin copula

! Tail dependence
! Kendall tau: 

! Spearman rho



Factors and conditional independence

! Marshall-Olkin copula (shock models)

! Symmetric case: 

! independence case

! comonotonic case

! Marshall-Olkin copula increasing with 



Factors and conditional independence

! AJD: Duffie, Pan & Singleton ;Duffie & Garleanu.
! independent affine jump diffusion processes: 

! Conditional default probabilities:

! Survival function:

! Explicitely known.



Factors and conditional independence

! Why factor models ?
! Standard approach in finance and statistics
! Tackle with large dimensions

! We need tractable dependence between defaults:
! Parsimonious modelling

! One factor Gaussian copula: n parameters

! Semi-explicit computations for portfolio credit derivatives
! Premiums
! Greeks

! Exchangability leads to one factor models
! De Finetti



Model dependence for credit derivatives premiums

! First to default time 
! First to default swap: 

! Credit protection at first to default time

! Survival function of first to default time

! Semi-analytical expressions of:
! First to default, second to default, … last to default swap 

premiums



Model dependence for credit derivatives premiums

! Example: first to default swap

! Default leg

! One factor Gaussian

! Clayton

! Marshall Olkin 
! « basket defaults swaps, CDO’s and Factor Copulas » available on 

www.defaultrisk.com
! « I will survive », RISK magazine, june 2003



Model dependence for credit derivatives premiums

! First to default swap premium 
vs number of names
! From n=1 to n=50 names
! Unit nominal
! Credit spreads = 80 bp
! Recovery rates = 40 %
! Maturity = 5 years
! Basket premiums in bp

! Comparison between 
Gaussian, Clayton and 
Marshall-Olkin copulas:
! Gaussian correlation 

parameter= 30%



Model dependence for credit derivatives premiums

! From first to last to default 
swap premiums
! 10 names, unit nominal
! Spreads of names uniformly 

distributed between 60 and 150 bp
! Recovery rate = 40%
! Maturity = 5 years
! Gaussian correlation: 30%

! Same FTD premiums imply 
consistent prices for protection 
at all ranks

! Model with simultaneous 
defaults provides very different 
results



Model dependence for credit derivatives premiums

! CDO tranche premiums

! Use of loss distributions over different time horizons

! Computation of loss distributions from FFT

! Explicit margin computations for tranches



Model dependence for credit derivatives premiums

! Accumulated loss at t:

! Where                                              loss given default.

! Characteristic function:

! By conditioning:

! Distribution of L(t) is obtained by FFT.



Model dependence for credit derivatives premiums

! One hundred names, same 
nominal.

! Recovery rates: 40%

! Credit spreads uniformly 
distributed between 60 and 
250 bp.

! Gaussian copula, correlation: 
50%

! 105 Monte Carlo simulations



Model dependence for credit derivatives premiums

! Mezzanine: pays whenever losses are between A and B
! Cumulated payments at time t on mezzanine tranche

! Explicit margin computations of different tranches

! Upfront premium: 

! B(t) discount factor, T maturity of CDO

! Integration by parts

! where 



Model dependence for credit derivatives premiums

! One factor Gaussian copula

! CDO tranches margins with respect to correlation parameter



Model dependence for credit derivatives premiums

! CDO margins (bp)
! Gaussian copula
! Attachement points: 3%, 10%
! 100 names
! Unit nominal
! Credit spreads uniformaly 

distributed between 60 and 
150 bp

! 5 years maturity



Model dependence for credit derivatives premiums

! CDO margins (bp)
! Gaussian correlation = 10%
! Parameters of Clayton and 

Marshall Olkin copulas are set 
for matching of equity tranches.

! For the pricing of CDO 
tranches, the Clayton and 
Gaussian copula models are 
close.

! Very different results with 
Marshall-Olkin copula



Model dependence for credit derivatives premiums

! Credit spreads uniformly distributed between 80bp and 
120bp

! 100 names



Model dependence for credit derivatives premiums



Model dependence and sensitivity analysis

! Example: six names 
portfolio

! Changes in credit curves of 
individual names

! Amount of individual CDS 
to hedge the basket

! Semi-analytical more 
accurate than 105 Monte 
Carlo simulations.

! Much quicker: about 25 
Monte Carlo simulations.



Model dependence and sensitivity analysis

! Changes in credit curves of individual names
! Dependence upon the choice of copula for defaults



Model dependence and sensitivity analysis

! Hedging of CDO tranches 
with respect to credit curves 
of individual names

! Amount of individual CDS 
to hedge the CDO tranche

! Semi-analytic : some 
seconds

! Monte Carlo more than one 
hour and still shaky



Conclusion

! Factor models of default times:
! Deal easily with a large range of names and dependence 

structures

! Simple computation of basket credit derivatives and CDO’s
! Prices and risk parameters

! Gaussian and Clayton copulas provide very similar 
patterns
! Rank correlation and tail dependence not meaningful

! Student t needs to be investigated

! Shock models quite different


