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ì Thiti?| |�i ThLM*i4 Lu i |h@U|�?} �4T*�i_ T@h@4i|iht Lu |�i tTL| h@|i ThLUitt �?_ih |�i h�t!�?i�|h@*
ThLM@M�*�|)c }��i? @ �?�|i ti| Lu LMtih�i_ T�hi _�tUL�?| ML?_c U@T @?_ t�@T|�L? Th�Uit� A�i U@*�Mh@|�L?
ThLUitt �t _L?i @?@*)|�U@**)c @tt�4�?} |�@| |�i tTL| h@|i ThLUitt uL**L�t @ }i?ih@*�3i_ �h?t|i�?�N�*i?MiU!
ThLUitt @?_ |@!it �?|L @UUL�?| |�i �t�@* _@|i |hi@|4i?|t �? |�i �?@?U�@* 4@h!i|t� ì }��i ?iUitt@h) @?_
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D |lhog fxuyh prgho fdq eh vhhq dv d v|vwhp zkrvh rxwsxwv duh sulfhv dqg khgjlqj vwudwhjlhv ri lqwhuhvw udwh
ghulydwlyhv1 Wkh rxwsxwv ghshqg rq vrph xqrevhuyhg ixqfwlrqdo sdudphwhuv lq wkh guliw dqg wkh gl�xvlrq
frh�flhqw ri wkh vsrw udwh surfhvv/ xqghu wkh ulvn0qhxwudo suredelolw|1 Rq dqrwkhu kdqg/ d vhw ri sulfhv ri
iuhtxhqwo| wudghg dvvhwv lv revhuyhg dqg wklv lqgxfhv vrph frqvwudlqwv rq wkh ixqfwlrqdo sdudphwhuv1 Wkh surfhvv
wkdw ohdgv wr h{suhvv wkh vhw ri wkh ixqfwlrqdo sdudphwhuv jlyhq wkh vhw ri frqvwudlqwv lv fdoohg fdoleudwlrq1 Rqfh
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wklv lv grqh/ wkhq wkh |lhog fxuyh prgho fdq eh h�hfwlyho| xvhg/ dqg wkh revhuyhg sulfhv ehfrph wkh wuxh lqsxwv
ri wkh v|vwhp1

Rqh lpsruwdqw h{dpsoh lv jlyhq zlwk wkh fdoleudwlrq wr wkh lqlwldo |lhog fxuyh lq wkh Khdwk0Mduurz0Pruwrq
+4<<5, iudphzrun ri %hyroxwlrqqdu| prghov%1 Xqolnh suhylrxv htxloleulxp ru %sduwldo htxloleulxp% prghov zlwk
Pdunryldq vwdwh yduldeohv +Fr{/ Lqjhuvroo dqg Urvv +4<;8,/ Euhqqdq dqg Vfkzduw} +4<:<,,/ �wwlqj wkh lqlwldo
|lhog fxuyh lv vwudljkwiruzdug dqg wkh lqlwldo |lhog fxuyh lqghhg ehfrphv dq lqsxw ri wkh prgho1 Exw wklv
iudphzrun grhv qrw wdnh dv h{rjhqhrxv wkh sulfhv ri lqwhuhvw udwh rswlrqv/ vxfk dv fdsv dqg vzdswlrqv wkdw duh
qrz iuhtxhqwo| wudghg dvvhwv zlwk ghhs pdunhwv dqg orz wudqvdfwlrq frvwv1

Zkhq xvlqj wlph krprjhqhrxv yrodwlolwlhv iru erqg sulfhv/ rqh fdqqrw shuihfwo| uhsurgxfh d odujh qxpehu ri
fds dqg vzdswlrq sulfhv1 Rqh zd|/ looxvwudwhg e| Eudfh dqg Pxvlhod +4<<7,/ lv wr lqfuhdvh wkh qxpehu ri idfwruv
xqwlo wkh huuruv ehfrph vpdoo hqrxjk/ frpsduhg wr wkh elg0dvn vsuhdgv rq wkh revhuyhg rswlrq sulfhv1 Wklv fdq
ohdg wr wlph lqwhqvlyh frpsxwdwlrqv zkhq wkh qxpehu ri idfwruv lv odujh1

Dqrwkhu dssurdfk looxvwudwhg e| Mdpvklgldq +4<<4,/ Kxoo dqg Zklwh +4<<3,/+4<<6,/ Eodfn dqg Ndudvlqvnl +4<<4,/
Fkhuerqqlhu dqg Odxuhqw +4<<6, frqvlvwv lq xvlqj qrq wlph krprjhqhrxv yrodwlolwlhv wr zlghq wkh vsdfh ri
dwwdlqdeoh rswlrq sulfhv1 Wkh �uvw sdshuv frqvlghu dv dq lqsxw vrph %lqlwldo yrodwlolw| fxuyh% zklfk lv qrw
revhuyhg dqg fdq rqo| eh dssur{lpdwhg xvlqj sulfhv ri vkruw0whup rswlrqv1 Pruhryhu/ prvw ri wkhvh sdshuv
jlyh vrph surfhgxuhv wr exlog xs elqrpldo wuhhv ru rwkhu nlqgv ri glvfuhwh dssur{lpdwlrqv +Kr dqg Ohh +4<;9,/
Eodfn/ Ghupdq dqg Wr| +4<<3,/ Eodfn dqg Ndudvlqvnl +4<<4,/ Kxoo dqg Zklwh +4<<3,/ Khdwk/ Mduurz dqg Pruwrq
+4<<3,/ Mdpvklgldq +4<<4,, zklfk jhqhudwh sulfhv frqvlvwhqw zlwk wkh revhuyhg sulfhv exw gr qrw dgguhvv wkh
txhvwlrq zkhwkhu wkhvh surfhgxuhv zloo jlyh vrph sdudphwhuv ru qrw1 Fkhuerqqlhu dqg Odxuhqw +4<<6, jlyh
qhfhvvdu| dqg vx�flhqw frqglwlrqv iru lghqwl�fdwlrq ri wkh sdudphwhuv ri d jhqhudol}hg Ydvlfhn prgho surylghg
wkdw d frqwlqxxp ri sxuh glvfrxqw erqgv dqg fds sulfhv lv revhuyhg1

Wkhuh lv d frqvlvwhqf| sureohp zkhq xvlqj d frqwlqxrxv vhw ri sulfhv wr lghqwli| wkh lpsolhg sdudphwhuv1 Vlqfh
wkh qxpehu ri uhdoo| revhuyhg sulfhv lv dozd|v �qlwh/ vrph nlqg ri lqwhusrodwlrq lv uhtxluhg wr frpsohwh wkh vhw
ri sulfhv1 Iru lqvwdqfh/ rqh pd| lqwhusrodwh zlwk vsolqh ixqfwlrqv wkh Eodfn0Vfkrohv whup vwuxfwxuh ri lpsolhg
fds ru vzdswlrq yrodwlolwlhv1 Lq vrph fdvhv/ wkh vhw ri ixqfwlrqdo sdudphwhuv frqvlvwhqw zlwk wkh frqwlqxrxv vhw
ri jhqhudwhg sulfhv zloo eh hpsw|/ zkloh wkh vhw ri ixqfwlrqdo sdudphwhuv frqvlvwhqw zlwk wkh wuxh vhw ri revhuyhg
sulfhv lv qrw hpsw|/ gxh wr wkh sduwlfxodu vshfl�fdwlrq iru lqwhusrodwlqj revhuyhg sulfhv1

Lq wklv sdshu/ zh udwkhu frqvlghu wkdw d �qlwh vhw ri revhuyhg sxuh glvfrxqw erqg/ fds dqg vzdswlrq sulfhv lv
jlyhq/ zh uhpdlq lq wkh iudphzrun ri wkh rqh idfwru olqhdu Jdxvv Pdunry prgho5 dqg zh doorz iru wkh wkuhh
sdudphwhuv ri wkh vsrw udwh surfhvv wr eh wlph0ghshqghqw1 Vlqfh wkh lpsolhg sdudphwhuv duh ixqfwlrqdo/ wkhuh lv
lq jhqhudo xqghulghqwl�fdwlrq/ exw qhyhuwkhohvv/ lw pd| eh vrphwlphv lpsrvvleoh wr �w wkh prgho wr frqvlvwhqw
rswlrq sulfhv1 Wklv phdqv wkdw wkh vhw ri dwwdlqdeoh fds dqg vzdswlrq sulfhv lv vwulfwo| vpdoohu wkdq wkh vhw ri
frqvlvwhqw fds dqg vzdswlrq sulfhv1

Vlqfh rxu iudphzrun lv wkh rqh idfwru olqhdu Jdxvv0Pdunry +OJP wkhuhdiwhu, prgho/ wkh fdoleudwlrq surfhvv lv
h{solflw dqg vlpsoh/ exw wklv prgho grhv qrw doorz wkh fdoleudwlrq ri wkh vwulnh vwuxfwxuh ri lpsolhg yrodwlolwlhv1
Zh udwkhu irfxv rq wkh fdoleudwlrq ri wkh whup vwuxfwxuh ri lpsolhg yrodwlolwlhv61

Zh vkrz wkdw wkh revhuyhg sulfhv frpsohwho| ghwhuplqh wkh sulfhv ri zlgh udqjh ri sdwk ghshqghqw rswlrqv/
surylghg wkdw wkh vhw ri sd|phqw dqg �{lqj gdwhv uhpdlq wkh vdph dv wkh rqh xvhg iru fdoleudwlrq1
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2 ��5O�6w�`5�

Dw hdfk fxuuhqw shulrg q/ wkuhh gdwhv zloo eh xvhg = iq/ wkh �{lqj gdwh/ gq�4/ wkh ehjlqqlqj ri wkh dssolfdwlrq
shulrg/ dqg gq/ wkh sd|phqw gdwh1 Zh ghqrwh S +w> W ,/ wkh sulfh dw wlph w ri d glvfrxqw erqg sd|lqj 4 dw wlph
W 1

Zh zloo wkhq zrun zlwk wkh iroorzlqj lqfuhdvlqj vhtxhqfhv ri gdwhv =

i4 g3 i5 g4 = = = iq gq�4 iq.4 gq = = gQ > i4 � 3> gQ � Wi = +4,

Lq prvw fdvhv i4 zloo eh wkh fxuuhqw gdwh dqg zloo eh vhw wr 31 Ohw xv frqvlghu wkh Sleru udwh qhjrfldwhg dw
fxuuhqw gdwh iq > wkh sd|phqw zloo rffxu dw vrph gdwh/ gq�4 +lw pd| eh wzr exvlqhvv gd|v diwhu iq, dqg wkh
eruurzhu zloo uhghhp dw gdwh gq1 Zh wkhq jhw =

S +iq> gq�4, @

�
4 .

M+gq�4> gq,

693
Sleru+iq,

�
S +iq> gq,> +5,

zkhuh M phdvxuhv wkh qxpehu ri gd|v ehwzhhq wzr gdwhv1 Zh fdq qrwlfh wkdw wkh Sleru udwh lv lqghhg d iruzdug
udwh/ ehfdxvh ri wkh wlph lqwhuydo ehwzhhq wkh �{lqj gdwh dqg wkh sd|phqw gdwh1

2�� ���w,A ��v�66�

Wkh sd|r� dw wlph gq ri wkh fxuuhqw fdsohw zloo wkhq eh =

SRF�+q> f, @ ^Sleru+iq,� f`.
M+gq�4> gq,

693
= +6,

Zh fdq qrwlfh wkdw wkh sd|r� ri wkh fdsohw lv nqrzq xqwlo wkh �{lqj gdwh iq1 Lq d iulfwlrqohvv pdunhw/ wklv lv
htxlydohqw wr uhfhlylqj wkh iroorzlqj sd|phqw dw wlph gq�4 =

SRF+q> f, @

�
4� +4 . f

M+gq�4> gq,

693
,S +iq> gq�4> gq,,

�.
> +7,

zkhuh S +iq> gq�4> gq, @
S +iq> gq,

S +iq> gq�4,
lv wkh iruzdug sulfh dw wlph gq�4 vhhq iurp gdwh iq ri wkh glvfrxqw

erqg pdwxulqj dw gq1 Lw lv zhoo nqrzq +vhh iru lqvwdqfh Eul|v/ Furxk| dqg Vfkreho +4<<4,, wkdw zlwkrxw gdwh
wuhdwphqwv d fdsohw lv sxw rq d glvfrxqw erqg1 Zlwk xvxdo gdwh wuhdwphqwv/ lw lv d sxw rq wkh iruzdug sulfh ri
d glvfrxqw erqg1

2�2 5 �̀�AW�� ��v�66�

Ohw xv ghqrwh e| u wkh vwulnh ri wkh vzdswlrq dqg gh{h/ wkh %h{huflvh gdwh%1 Wkh h{huflvh gdwh lv dvvxphg wr eh
d wudglqj gd| dqg wr eh rqh ri wkh gdwhv gq/ ohw*v vd| gl1 Wklv lv qrw lpsruwdqw iru sulflqj exw iru fdoleudwlrq
uhdvrqv1 Zkhq wkh h{huflvh gdwh lv rqh ri wkh gdwhv gq/ wkhq lw lv txlwh hdv| wr fdoleudwh wkh OJP prgho zlwk
sduvlprqlrxv qrwdwlrqv1 Pruhryhu/ wklv fdvh zloo eh wkh prvw frpprq1 Zkhq sulflqj vzdswlrqv zkhuh wkh
h{huflvh gdwh lv qrw rqh ri wkh gq/ wkh sulflqj irupxodv uhpdlq ydolg exw fdqqrw eh olqnhg wr sd|phqw gdwhv ri
vwdqgdug Oleru fdsv1

gl @ gh{h= +8,

Wkh pdwxulw| ri wkh xqghuo|lqj vzds lv dvvxphg wr eh 7Q / zkhuh Q lv wkh pdwxulw| lq |hduv1 Wkh vzdswlrq
lv lq sudfwlfh h{huflvhg +wkh h{huflvh lv nqrzq, dw wkh �uvw wudglqj gd| ehiruh gh{h @ gl/ wkdw lv/ il.41 gl lv d
fhqwudo gdwh vlqfh lw doorzv frpsxwdwlrqv ri ixuwkhu gq> q A l1 Lq wkuhh prqwkv Oleru vzdswlrqv/ wkh �rdwlqj ohj
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kdv txduwhuo| sd|phqwv/ dw wlphv gq/ zkloh wkh �{hg ohj lv sdlg |hduo|/ dw wlphv g7q1 Wkh sd|r� ri wkh vzdswlrq
lv wkh srvlwlyh sduw ri wkh qhw suhvhqw ydoxh ri wkh xqghuo|lqj vzds dw wlph il.4/ wkdw lv =

sd|r�+il.4, @

%
u

+
Q[
q@4

S +il.4> gl.7q,

,
. S +il.4> gl.7Q ,� S +il.4> gl,

&.
= +9,

Iru frpsxwlqj h{solflw sulflqj irupxodv/ zh zloo fkrrvh dv d qxphudluh wkh glvfrxqw erqg pdwxulqj dw wlph gl1
Lq xqlwv ri wkh qxphudluh/ wkh sd|r� ehfrphv =

sd|r�+gl, @

%
u

+
Q[
q@4

S +il.4> gl> gl.7q,

,
. S +il.4> gl> gl.7Q ,� 4

&.
= +:,

Wklv sd|r� fruuhvsrqgv wr d sd|phqw dw wlph gl/ zklfk lv wkh xvxdo sudfwlfh lq wkh pdunhw1 Zh fdq qrwlfh wkdw/
zlwk xvxdo gdwh wuhdwphqwv/ wklv lv d fdoo rq wkh iruzdug sulfh ri d frxsrq erqg1

� +,��+��,A+W~�AW�� �6 � ��+k�VW�� V�w�AWwWAv
5A+N�AN+,�

Zh dvvxph wkdw wkh surfhvv ri wkh glvfrxqw erqg sulfh lv jlyhq e| =

gS +w> W , @ u+w,S +w> W ,gw. �+w> W ,S +w> W ,gZw> ; w 5 ^3> Wi `> +;,

zkhuh �+w> W , lv d ghwhuplqlvwlf yrodwlolw| ixqfwlrq ri glvfrxqw erqg sulfhv dqg ^3> Wi ` lv wkh wlph lqwhuydo ryhu
zklfk sulfhv duh vwxglhg1 Zh nqrz iurp Ho Ndurxl hw do1 +4<<4,/ Kxoo dqg Zklwh +4<<3,/ Fdyhukloo +4<<7,/
Ulwfknhq dqg Vdqndudvxeudpdqldp +4<<8,/ wkdw wkh vsrw udwh u+w, lv pdunryldq li dqg rqo| wkh yrodwlolw|
ixqfwlrq fdq eh zulwwhq dv =

�+w> W , @ �+w,

] W

w

h{s

�
�
] y

w

�+x,gx

�
gy> ; w> W vxfk wkdw = 3 � w � W � Wi = +<,

�+w, dqg �+w, duh gluhfwo| olqnhg wr wkh ixqfwlrqdo sdudphwhuv ri wkh vsrw udwh surfhvv1 Nqrzohgjh ri �+w> W ,
doorzv wkh sulflqj ri rswlrqv rq jhqhudo frxsrq erqgv +l1h fdsv/ �rruv/ vzdswlrqv/ dpruwl}lqj vzdswlrqv111,1 Iru
wkh yrodwlolw| ri wkh glvfrxqw erqg wr eh fruuhfwo| gh�qhg/ zh fdq qrwlfh wkdw � pxvw eh lqwhjudeoh ryhu dq|
vxelqwhuydo ri ^3> Wi `1

Lq wkh fdoleudwlrq ri wkh OJP prgho wkurxjk fds dqg vzdswlrq sulfhv/ wkh iroorzlqj ixqfwlrqv duh lqwurgxfhg =

Gh�qlwlrq 4 =

Jd>e+w, @

] w

d

h{s

�
�
] y

e

�+x,gx

�
gy> +43,

K+w, @

] w

3

�5+v,

J35+v,
gv= +44,

Lw fdq eh hdvlo| vhhq wkdw =

Jd>e+w, @
J3>3+w,�J3>3+d,

J33>3+e,
= +45,

Wkh ixqfwlrqv J dqg K doorz d uhsdudphwul}dwlrq ri wkh yrodwlolw| ixqfwlrq �+w> W , xqghu wkh pdunryldq dv0
vxpswlrq =
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Surshuw| 4 =

+l, Ohw J eh d uhdo lqfuhdvlqj dqg wzlfh gl�huhqwldeoh ixqfwlrq gh�qhg ryhu ^3> Wi `/ wkhq zh fdq gh�qh wkh
phdq0uhyhuvlrq sdudphwhu e| =

�+w, @ �J33+w,

J3+w,
= +46,

+ll, Ohw K eh d uhdo srvlwlyh/ lqfuhdvlqj dqg gl�huhqwldeoh ixqfwlrq gh�qhg ryhu ^3> Wi `/ wkhq zh fdq gh�qh dq
lqvwdqwdqhrxv yrodwlolw| ri wkh vsrw udwh e| =

�+w, @ J3+w,
s
K 3+w,= +47,

+lll, Wkh yrodwlolw| vwuxfwxuh ri wkh glvfrxqw erqg sulfhv jlyhq e| =

�+w> W , @
s
K3+w, ^J+W ,�J+w,`> +48,

lpsolhv wkh Pdunry surshuw| iru wkh vsrw udwh surfhvv1

Wkh suhylrxv surshuw| vlpso| vwdwhv wkdw jlyhq vxlwdeoh ixqfwlrqv J dqg K/ lw lv srvvleoh wr ghulyh d pdunry0
ldq vwuxfwxuh iru wkh yrodwlolw| ixqfwlrq �+w> W , +l1h phdq0uhyhuvlrq dqg lqvwdqwdqhrxv yrodwlolw| sdudphwhuv,1 Zh
fdq qrwlfh wkdw wkh ixqfwlrqv DJ . E dqg K zkhuh D>E duh wzr uhdo qxpehuv/ D srvlwlyh/ ohdg wr wkh vdph
yrodwlolw| vwuxfwxuh �+w> W ,1

e #W5�+,A, 5,"N,��,5 �6 V�w�AWwWAW,5�

Lw lv frqyhqlhqw wr lqwurgxfh vrph yrodwlolw| ixqfwlrqv iru wkh sulflqj dqg wkh fdoleudwlrq ri rswlrqv1 Ohw xv
dvvxph wkdw ixqfwlrqv J dqg K duh nqrzq1 Wkhq/ zh fdq gh�qh wkh edvlv yrodwlolw| ixqfwlrqv U+l> m> n, dqg
V+l> n, e| =

Gh�qlwlrq 5 = Ohw xv gh�qh wkh uhdo ixqfwlrqv U dqg V rq LU � Q6 dqg LV � Q5 e| =

U+l> m> n, @ ^J+gn,�J+gm,`
5K+il,> ;+l> m> n, 5 LU> +49,

V+l> n, @ U+l> l� 4> n,> ;+l> n, 5 LV = +4:,

Zh fdq vd| wkdw U dqg V duh jhqhudwhg e| wkh lqfuhdvlqj vhtxhqfhv ri uhdo qxpehuv �J @ iJ+gl,> l 5 LJ � Qj
dqg �K @ iK+im,> m 5 LK � Qj1

Zh fdq qrwlfh wkdw = U+l> m> m, @ 3> U+l> m> n, @ U+l> n> m,> V+l> l� 4, @ 31

Gh�qlwlrq 6 = Ohw xv ghqrwh e| F �J> �K wkh vsdfh ri lqfuhdvlqj ixqfwlrqv J>K gh�qhg rq ^3> Wi `/ vxfk wkdw
J lv wzlfh gl�huhqwldeoh/ K lv srvlwlyh dqg gl�huhqwldeoh/ wkh �uvw ghulydwlyhv ri J dqg K ehlqj xqlirupo|
erxqghg e| srvlwlyh qxpehuv dJ dqg dK dqg vxfk wkdw J dqg K duh frpsdwleoh zlwk wkh lqfuhdvlqj vhtxhqfhv
�J @ iJl> l 5 LJ � Qj dqg �K @ iKm > m 5 LK � Qj1

Surshuw| 5 =

+l, F �J> �K lv d frqyh{ forvhg vxevhw ri F5
^3>Wi `

�F4
^3>Wi `

xqghu wkh xqlirup frqyhujhqfh wrsrorj|1

+ll, F �J> �K lv qrq hpsw| li dqg rqo| li =

dJ ?
Jl �Jm

gl � gm
> ;l> m 5 LJ> +4;,

8



dK ?
Kl �Km

il � im
> ;l> m 5 LK = +4<,

Wkh suhylrxv surshuw| vlpso| vwdwhv wkdw jlyhq lqfuhdvlqj vhtxhqfhv ri uhdo qxpehuv �J dqg �K/ dq| ixqfwlrqv
J>K lq F �J> �K pljkw eh wdnhq wr exlog wkh yrodwlolw| ixqfwlrq �+w> W ,1

Lq sudfwlfh/ wkh sulfh ixqfwlrqv zloo rqo| xvh U+l> m> n, zlwk n A m � l� 41 Wkh yrodwlolw| ixqfwlrq V+l> n, lv xvhg
lq wkh sulfh irupxodv ri wkuhh prqwk fdsv/ �rruv dqg vzdswlrqv +sodlq ydqlood ru zlwk d jlyhq suhghwhuplqhg
dpruwl}lqj uxoh,1 Zh vkrz ixuwkhu wkdw iV+l> m,j lv wkh pdwul{ ri yrodwlolwlhv ri rswlrqv ri doo pdwxulwlhv il rq
glvfrxqw erqgv ri doo pdwxulwlhv gm 1 Lq sudfwlfh/ d orw ri sulfh ixqfwlrqv zloo rqo| xvh V+l> m, zlwk n � l1

Surshuw| 6 = Ohw wkh ixqfwlrqv U dqg V/ gh�qhg rq LU dqg LV/ eh jhqhudwhg e| wzr lqfuhdvlqj vhtxhqfhv �J
dqg �K > wkhq zh jhw =

U+l> m> n, @
�
V+l> n,

4
5 � V+l> m,

4
5

�5
> +53,

V+l> m, @ V+l> l,

�
V+�> m,

4
5 � V+�> l� 4,

4
5

�5
�
V+�> l,

4
5 � V+�> l� 4,

4
5

�5 > +54,

;l> m> n> � vxfk wkdw V lv gh�qhg1

Surshuw| 6 vwdwhv wkdw wkh vhwv ri srvlwlyh uhdo qxpehuv �V @ iV+l> l,> l 5 Qj dqg V� @ iV+�> m,> m 5 Qj jhqhudwh
wkh ixqfwlrqv V dqg U +l1h jlyh wkh frpsohwh nqrzohgjh ri ixqfwlrq V+l> m,, =

V @

3
EEEEEEEEC

= V+4> l� 4, V+4> l, = = V+4> m,
= = = = = =
= = V+l> l, = = V+l> m,
= = = = = =
= = = = = =
= = = = = =

4
FFFFFFFFD

= +55,

Wkh nqrzohgjh ri wkh �uvw olqh dqg ri wkh gldjrqdo ri wkh pdwul{ iV+l> m,j frpsohwho| vshfl�hv wkh yrodwlolw|
pdwul{1 Zh vkrz ixuwkhu wkdw iV+l> l,j lv wkh yhfwru ri yrodwlolwlhv ri fdsohwv ri doo pdwxulwlhv dqg wkdw iV+4> n,j
lv wkh yhfwru ri yrodwlolwlhv ri rswlrqv ri vkruw pdwxulw| i4 rq glvfrxqw erqgv ri doo pdwxulwlhv gn1

Zh qrz kdyh wr orrn dw wkh ghulydwlrq ri ixqfwlrqv K dqg J iurp wkh yrodwlolw| ixqfwlrq V1

Surshuw| 7 = Ohw U dqg V wzr yrodwlolw| ixqfwlrqv jhqhudwhg e| wkh vhulhv ri srvlwlyh uhdo qxpehuv �V dqg V�1
Wkhq/ wkhuh h{lvw vrph jhqhudwruv �J dqg �K dqg wkh| duh gh�qhg e| =

J+gm, @ DV+�> m,
4
5 .E> +56,

K+il, @
V+l> l,

D5
�
V+�> l,

4
5 � V+�> l� 4,

4
5

�5 > +57,

zkhuh D dqg E duh duelwudu| uhdo qxpehuv1

Surshuw| 7 vwdwhv wkdw jlyhq wkh wzr yhfwruv ri yrodwlolwlhv +iru fdsohwv dqg vzdswlrqv zlwk �{hg h{huflvh gdwh,/
lw lv srvvleoh wr ghulyh wkh vhw ri jhqhudwruv �J dqg �K1 Qrz/ iru �J dqg �K wr jhqhudwh vrph yrodwlolw| vwuxfwxuh
�+w> W ,/ wkh vhtxhqfhv pxvw eh lqfuhdvlqj1

9



Surshuw| 8 = Ohw U dqg V wzr yrodwlolw| ixqfwlrqv jhqhudwhg e| wkh vhulhv ri srvlwlyh uhdo qxpehuv �V @
iV+l> l,> l 5 Qj dqg V� @ iV+�> m,> m 5 Qj1 Wkhq/ wkhuh h{lvw vrph lqfuhdvlqj vhtxhqfhv �J dqg �K jhqhudwlqj
U dqg V li dqg rqo| li wkh iroorzlqj surshuwlhv duh ixo�oohg =

+l, V+�> m, lv dq lqfuhdvlqj ixqfwlrq ri m/ iru doo m � � dqg d ghfuhdvlqj ixqfwlrq ri m/ iru doo m � �1

+ll, Wkh vhtxhqfh
V+l> l,�

V+�> l,
4
5 � V+�> l� 4,

4
5

�5 lv lqfuhdvlqj ru htxlydohqwo| wkh iroorzlqj surshuw| lv ixo�oohg =

V+l> l,
4
5 . V+l. 4> l, . 4

4
5 A V+l> l. 4,

4
5 > ;l 5 Q1

Zh fdq qrwlfh wkdw frqglwlrq +l, lv qhfhvvdu| dqg vx�flhqw iru wkh h{lvwhqfh ri lqfuhdvlqj vhtxhqfhv �J1 Wkh �uvw
sduw ri frqglwlrq +ll, lv lq lwvhoi qhfhvvdu| dqg vx�flhqw iru wkh vhtxhqfh �K wr eh lqfuhdvlqj1 Wkh vhfrqg sduw
ri frqglwlrq +ll, lpsolhv wkdw wkh vhtxhqfh �K lv lqfuhdvlqj rqo| li frqglwlrq +l, lv vdwlv�hg1 Zh fdq qrwlfh wkdw
+l, dqg +ll, fdq eh h{dplqhg xvlqj rqo| wkh vhtxhqfhv �V dqg V�1 Zlwk surshuw| 8/ zh fdq whoo li d vhtxhqfh ri
revhuyhg yrodwlolwlhv �V dqg V� lv frpsdwleoh zlwk d pdunryldq yrodwlolw| vwuxfwxuh �+w> W ,1

Xvxdoo|/ zh gr qrw nqrz wkh frpsohwh vhtxhqfhv �V dqg V�1 Lq wkdw fdvh/ wkhuh pljkw eh vhyhudo ixqfwlrqv U
dqg V frpsdwleoh zlwk wkh revhuyhg yrodwlolwlhv1 Wkh iroorzlqj surshuw| jlyhv vrph uhvxowv zkhq wkh fdsohw
yrodwlolwlhv duh revhuyhg/ exw zkhq wkh yrodwlolw| yhfwru ri rswlrqv rq glvfrxqw erqgv zlwk d �{hg h{huflvh gdwh
lv sduwldoo| revhuyhg1

Surshuw| 9 Ohw U dqg V eh wzr yrodwlolw| ixqfwlrqv jhqhudwhg e| wkh vhulhv ri srvlwlyh uhdo qxpehuv �V @
iV+l> l,> l 5 Qj dqg V� @ iV+�> qm,> m 5 Q> m � Mj zkhuh qm lv dq lqfuhdvlqj vhtxhqfh ri gdwh lqglfhv/ zlwk
q3 @ �1 Wkhq/ wkhuh h{lvw vrph lqfuhdvlqj vhtxhqfhv �J dqg �K jhqhudwlqj U dqg V li dqg rqo| li wkh iroorzlqj
surshuwlhv duh ixo�oohg =

+l, V+�>qm, lv dq lqfuhdvlqj ixqfwlrq ri m/ iru doo m � M1

+ll, Wkh vhtxhqfh nm @

qm.4[
l@qm.4

V+l> l,
4
5

V+�> qm.4,
4
5 � V+�> qm,

4
5

lv lqfuhdvlqj lq m dqg n3 lv juhdwhu wkdq rqh1

Surri = frqglwlrq +l, lv fohduo| qhfhvvdu| iru wkh h{lvwhqfh ri dq lqfuhdvlqj vhtxhqfh �J1 Lw fdq eh hdvlo| vkrzq

wkdw li V lv jhqhudwhg e| lqfuhdvlqj vhtxhqfhv �J dqg �K/ wkhq = nm ?
K+iqm.4,

4
5

K+i�,
4
5

? nm.41 Wkxv/ nm pxvw eh

lqfuhdvlqj1

Qrz/ ohw xv dvvxph wkdw frqglwlrqv +l, dqg +ll, duh vdwlv�hg1 Ohw xv gh�qh uhfxuvlyho| wkh vhtxhqfh Vl e| =

V� @ V+�> �,>

nm @
V+l> l,

4
5

V
4
5

l � V
4
5

l�4

>

li l 5 ^qm . 4> qm.4`1 Lw fdq eh vhhq uhfxuvlyho| wkdw = Vqm @ V+�> qm,1 Vhulhv iVl> l � �j dqg iV+l> l,j vdwlvi|
wkh frqglwlrqv +l, dqg +ll, ri Surshuw| 81 Wkhq wkhuh h{lvw vrph lqfuhdvlqj jhqhudwlqj vhtxhqfhv �J dqg �K1

Wr suryh wkh suhylrxv surshuw|/ zh kdyh h{klelwhg vrph vshfldo vlpsoh jhqhudwru zlwk pd|eh vrph sudfwlfdo
xqolnho| surshuwlhv > iru lqvwdqfh/ vlqfh K+il, lv slhfhzlvh frqvwdqw/ wkh yrodwlolw| ri wkh vsrw udwh zloo vwd| dw
}hur ryhu vrph �qlwh lqwhuydov1 Lw fdq wkhq eh lqwhuhvwlqj wr orrn dw wkh vhw ri jhqhudwruv lq d pruh jhqhudo zd|1

:



Zh dvvxph wkdw frqglwlrqv +l, dqg +ll, ri Surshuw| 9 duh vdwlv�hg1 Ohw xv qrwh e| om / om @
4
nm
1 om lv d ghfuhdvlqj

vhtxhqfh1 Ohw xv jlyh dqrwkhu duelwudu| ghfuhdvlqj vhtxhqfh ym vxfk wkdw = 4 A y3 A o3 A y4 A o5 A = = = A ym A
om A ym.4 = = =1 Qrz/ zh duh jrlqj wr exlog ghfuhdvlqj vhtxhqfhv =

zl @
V
4
5

l � V
4
5

l�4

V+l> l,
4
5

>

vxfk wkdw =
ym A zl A ym.4> ;l 5 ^qm . 4> qm.4`>

dqg wkdw Vl jhqhudwhg e| zl +V� @ V+�> �,, lv frpsdwleoh zlwk wkh revhuyhg V+�>qm,1 Ohw xv wdnh dq duelwudu|
ghfuhdvlqj vhtxhqfh i%lj1 Zh duh jrlqj wr orrn dw vhtxhqfhv izlj gh�qhg e| =

zl @ om . dm%l � em > ;l 5 ^qm . 4> qm.4`>

zkhuh idmj dqg iemj duh wzr uhdo vhtxhqfhv/ idmj srvlwlyh1 Wkh frpsdwlelolw| frqglwlrq pd| eh zulwwhq dv =

qm.4[
l@qm.4

zlV+l> l,
4
5 @ V+�> qm.4,

4
5 � V+�> qm,

4
5 > ;m ? M=

Lw fdq eh zulwwhq dv =

qm.4[
l@qm.4

+dm%l � em,V+l> l,
4
5 @ 3 ;m ? M=

zl fdq qrz eh zulwwhq dv = zl @ om . dm

3
C%l �

qm.4[
l@qm.4

sl%l

4
D > ;l 5 ^qm . 4> qm.4`> zkhuh sl duh vrph zhljkwv

gh�qhg e| =

sl @
V+l> l,

4
5

qm.4[
l@qm.4

V+l> l,
4
5

> ;l 5 ^qm . 4> qm.4`>

Hyhqwxdoo|/ dm pxvw eh erxqghg vr wkdw zl uhpdlq lq wkh lqwhuydo `ym > ym.4^1 Dq| srvlwlyh dm vxfk wkdw =

dm ?
ym � om

%qm.4 �
qm.4[

l@qm.4

sl%l

> dm ?
om � ym.4

qm.4[
l@qm.4

sl%l � %qm.4

>

fdq jhqhudwh vrph dgplvvleoh zl dqg wkxv vrph dgplvvleoh jhqhudwruv �K dqg �J1

D �+W�W�B 6�+�Nw�5 `WAO #�A, A+,�A�,�A5�

Wkh sulflqj ri fdsv/ vzdswlrqv/ rswlrqv rq glvfrxqw erqgv lq wkh fdvh ri wkh jhqhudol}hg Ydvlfhn prgho lv douhdg|
zhoo nqrzq +vhh iru lqvwdqfh Ho Ndurxl hw do1 +4<<4,/ Mdpvklgldq +4<;</ 4<<6,1 Lq wkh iroorzlqj/ zh h{whqg
wkh fodvvlfdo uhvxowv wr wdnh lqwr dffrxqw wkh %gdwh wuhdwphqwv%/ l1h wkh idfw wkdw wkh sd|phqw ri wkh vwulnh dqg
wkh gholyhu| ri wkh xqghuo|lqj dvvhw +lq fdvh ri gholyhu|/ sd|phqw ri wkh ydoxh ri wkh xqghuo|lqj dvvhw lq fdvh
ri fdvk vhwwohphqw, duh ghod|hg e| vrph gd|v +gq�4 � iq lq rxu qrwdwlrqv,1 Wkrxjk wkhruhwlfdoo| txlwh vlpsoh
dqg plqru/ wklv fruuhfwlrq lv sudfwlfdoo| lpsruwdqw hvshfldoo| vlqfh lw pd| fkdqjh vxevwdqwldoo| vrph lpsolhg
yrodwlolwlhv dqg ohdg wr eldvhv lq wkh lpsolhg ghwhuplqdwlrq ri wkh yrodwlolw| vwuxfwxuh �+w> W ,1

;



D�� �+W�W�B 6�+�Nw�5 6�+ AO+,, ���AO wW��+ ���w,A5�

Ohw xv lqwurgxfh wkh iroorzlqj qrwdwlrqv = Nq @ 4 . u
M+gq�4> gq,

693
1 Wkh sulfh ri wkh fdsohw lv wkhq jlyhq e| =

Fq+u> S +3> gq�4,> S +3> gq,> V+q> q,, @ S +3> gq�4,!+�Y �q ,�NqS +3> gq,!+�Y �q � V+q> q,
4
5 ,>

Y �q @

�
orj^NqS +3> gq�4> gq,`� V+q> q,

5

�
V+q> q,�

4
5 =

+58,

Surri = vhh wkh Dsshqgl{1

Qrz zh orrn dw wkh lpsolflw yrodwlolw| ghulydwlrq1 Qr vwdwlf duelwudjh rssruwxqlwlhv lpso| wkdw wkh sulfh ri
wkh fdsohw F pxvw eh erxqghg =

pd{^3> S +3> gq�4,�NqS +3> gq,` � F � S +3> gq�4,=

Pruhryhu/ wkh iroorzlqj surshuwlhv fdq eh vwdwhg =

olp
V+q>q,$3

Fq+u> S +3> gq�4,> S +3> gq,> V+q> q,, @ pd{^3> S +3> gq�4,�NqS +3> gq,`>

olp
V+q>q,$4

Fq+u> S +3> gq�4,> S +3> gq,> V+q> q,, @ S +3> gq�4,>

CF

CV+q> q,
4
5

A 3=

Surshuw| : = Jlyhq dq dgplvvleoh fdsohw sulfh/ wkhuh h{lvwv d xqltxh lpsolhg fdsohw yrodwlolw| V+q> q, lq ^3>4^1

D�2 6�+̀ �+# ���5�

Wkh sulfh ri d iruzdug fds lv vlpso| jlyhq e| d vxp ri sulfhv ri fdsohwv =

Fq4>q5+u> S +3> gq4�4,> = = = > S +3> gq5,> V+q4> q4,> = = = > V+q5> q5,, @
q5[

q@q4

Fq+u> S +3> gq�4,> S +3> gq,> V+q> q,,=

Wkh suhylrxv surshuwlhv rq fdsohwv fdq eh lpphgldwho| h{whqghg dqg zh fdq ghgxfh =

Surshuw| ; = Jlyhq dq dgplvvleoh iruzdug fds sulfh/ Fq4>q5/ wkhuh h{lvwv d xqltxh lpsolhg yrodwlolw| K+q4> q5,
lq ^3>4^/ l1h vxfk wkdw =

Fq4>q5 @
q5[

q@q4

Fq+u> S +3> gq�4,> S +3> gq,> K+q4> q5,,=

Pruhryhu/ zh jhw = lqi
q5^q4>q5`

V+q> q, � K+q4> q5, � vxs
q5^q4>q5`

V+q> q,1

K+q4> q5, lv vrph nlqg ri dyhudjh yrodwlolw| iru wkh fdsohwv1

<



D�� �+W�,5 �6 AO+,, ���AO wW��+ 5 �̀�AW��5�

Wkh sulfh ri wkh fdoo vzds lv jlyhq e| =

FVl>Q @ S +3> gl.7Q ,!
�
Y �Q . V+l. 4> l. 7Q,

4
5

�
.u

Q[
q@4

S +3> gl.7q,!
�
Y �Q . V+l. 4> l. 7q,

4
5

�
� S +3> gl,!+Y

�

Q ,>

4 @ u
Q[
q@4

S +3> gl> gl.7q, h{s�
�
V+l. 4> l. 7q,

4
5Y �Q .

4

5
V+l. 4> l. 7q,

�

.S +3> gl> gl.7Q , h{s�
q
V+l. 4> l. 7Q,

4
5Y �Q . 4

5V+l. 4> l. 7Q,
r
=

+59,

Surri = vhh dsshqgl{1 Zh fdq qrwlfh wkdw lq wkh vwdqgdug rswlrq surgxfwv wkdw zh kdyh vwxglhg/ zh kdyh rqo|
frqvlghuhg ixqfwlrq V+l> m,1 Wklv lv gxh wr wkh idfw wkdw wkh �uvw fdvk �rz lv wkuhh prqwkv diwhu wkh h{huflvh
gdwh1 Zkhq orrnlqj dw rswlrqv rq iruzdug vzdsv/ wkh yrodwlolw| frplqj xs lq wkh sulfh irupxod lv U+l> m> n, zkhuh
m � l1

Surshuw| < Wkh sulfh ri wkh fdoo vzds lv dq lqfuhdvlqj ixqfwlrq ri wkh yrodwlolwlhv V+l. 4> l. 7q,
4
5 =

CFVl>Q

CV+l. 4> l. 7q,
4
5

A 3> ;q 5 ^4> Q `=

Surri = Wkh htxdwlrq jlylqj Y �Q fdq eh uhzulwwhq dv

h{s�Y �Q
5

@ u
Q[
q@4

S +3> gl> gl.7q, h{s�4

5

q
Y �Q . V+l. 4> l. 7q,

4
5

r5

.S +3> gl> gl.7Q , h{s�4
5

q
Y �Q . V+l. 4> l. 7Q,

4
5Y �Q

r5

=

+5:,

Wklv lpsolhv wkdw
CFVl>Q
CY �Q

@ 3 dqg suryhv wkh surshuw|1

Qr vwdwlf duelwudjh rssruwxqlwlhv lpsolhv wkh iroorzlqj erxqgv rq vzdswlrq sulfhv =%
u

+
Q[
q@4

S +3> gl.7q,

,
. S +3> gl.7Q ,� S +3> gl,

&.
� FVl>Q � u

+
Q[
q@4

S +3> gl.7q,

,
. S +3> gl.7Q ,= +5;,

Lw fdq eh vkrzq wkdw =
olp

V+l.4>l.7Q,$4
FVl>Q @ PFVl>Q > +5<,

zlwk PFVl>Q ehlqj jlyhq e| =

PFVl>Q @ +4 . u,S +3> gl.7Q, . u
Q�4[
q@4

S +3> gl.7q,!
�
�YQ . V+l. 4> l. 7q,

4
5

�
� S +3> gl,!+ �YQ ,>

4 @ u
Q�4[
q@4

S +3> gl> gl.7q, h{s�
�
V+l. 4> l. 7q,

4
5 �YQ .

4

5
V+l. 4> l. 7q,

�
=

+63,

PFVL>Q lv wkh sulfh ri wkh vxp ri wzr vlpsoh sd|r�v = 4 . u glvfrxqw erqgv pdwxulqj dw gl.7Q dqg d fdoo rq
dq dqqxlw| sd|lqj u hdfk |hdu iurp gl.7 wr gl.7+Q�4, zlwk vwulnh 41

olp
V+l.4>l.7Q,$3

FVl>Q @ pFVl>Q > +64,
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zlwk pFVl>Q ehlqj jlyhq e| =

d, li S +3> gl> gl.7Q , ?
4

4 . u
/ wkhq =

pFVl>Q @ u
Q�4[
q@4

S +3> gl.7q,!
�
�YQ . V+l. 4> l. 7q,

4
5

�
�+S +3> gl,� +4 . u,S +3> gl.7Q ,,!+ �YQ ,>

4� +4 . u,S +3> gl> gl.7Q, @ u
Q�4[
q@4

S +3> gl> gl.7q, h{s�
�
V+l. 4> l. 7q,

4
5 �YQ .

4

5
V+l. 4> l. 7q,

�
=

+65,

e, li S +3> gl> gl.7Q , � 4

4 . u
/ wkhq =

pFVl>Q @ u
Q�4[
q@4

S +3> gl.7q,� +S +3> gl,� +4 . u,S +3> gl.7Q ,,= +66,

pFVl>Q lv wkh sulfh ri d fdoo rq wkh suhylrxvo| gh�qhg dqqxlw| zlwk d vwulnh htxdo wr S +3> gl,�+4.u,S +3> gl.7Q ,1

S ��wW�+�AW�� W� �+��AW�,�

Zh kdyh jlyhq vrph jhqhudo frqglwlrqv rq rswlrq sulfhv dqg lpsolhg yrodwlolwlhv/ wkdw pxvw eh ixo�oohg iru wkh
prgho wr eh fdoleudwhg1 Ohw xv qrz glvfxvv krz wkhvh frqglwlrqv fdq eh fkhfnhg jlyhq revhuyhg sulfhv ri rswlrqv1

Zh fdq qrwlfh wkdw lq wkh OJP prgho prgho/ vzdswlrq +ru erqg rswlrq, sulfhv ghshqg rqo| rq wkh yrodwlolw|
vwuxfwxuh �+w> W , dqg wkxv rq wkh phdq uhyhuvlrq sdudphwhu �+w, dqg wkh gl�xvlrq frh�flhqw �+w,1 Wkh fdoleud0
wlrq surfhvv jrhv wkhq �uvwo| wkurxjk dq lghqwl�fdwlrq ri wkhvh wzr sdudphwhuv xvlqj rswlrq sulfhv1 Wkh wklug
sdudphwhu pd| eh lghqwl�hg zlwk wkh nqrzohgjh ri wkh lqlwldo |lhog fxuyh1 Wklv lv xqolnh wkh Fr{/ Lqjhuvroo
dqg Urvv prgho zkhuh hyhq zlwk frqvwdqw sdudphwhuv/ wkh wkuhh sdudphwhuv ri wkh vsrw udwh surfhvv xqghu wkh
ulvn0qhxwudo suredelolw| dsshdu lq rswlrq sulfhv1

Zh fdoleudwh vrph pdwul{ whup vwuxfwxuh ri yrodwlolwlhv/ l1h zh orrn dw vzdswlrqv zlwk gl�huhqw h{huflvh gdwhv dqg
gl�huhqw xqghuo|lqj pdwxulwlhv1 Wklv odwhu glphqvlrq lv vshfl�f wr |lhog fxuyh prghoolqj1 Zh gr qrw fdoleudwh
wkh vwulnh vwuxfwxuh ri yrodwlolwlhv1 Lqghhg/ wkh OJP prgho lv qrw zhoo vxlwhg iru vxfk d fdoleudwlrq vlqfh wkh
lpsolhg yrodwlolw| ri d fdsohw zlwk d jlyhq vwulnh ghwhuplqhv wkh lpsolhg yrodwlolw| ri sduhqw fdsohwv iru doo vwulnhv1
Wklv rffxuv zkdwhyhu wkh qxpehu ri idfwruv pd| eh1 Lq vrph fdvhv/ wkh sulpdu| frqfhuq zloo eh �wwlqj wkh
whup vwuxfwxuh ri yrodwlolwlhv dqg lq rwkhu fdvhv �wwlqj wkh vploh fxuyh zloo eh pruh lpsruwdqw1 Ri frxuvh/ rq d
wkhruhwlfdo ohyho/ zh zrxog udwkhu frqvlghu |lhog fxuyh prghov zlwk d zlghu vhw ri dwwdlqdeoh sulfhv wkdw zrxog
eh deoh wr kdqgoh erwk fdvhv1 Exw sudfwlfdoo|/ wklv lv dw wkh h{shqvh ri lqfuhdvlqj wkh prgho frpsoh{lw| +dw ohdvw
d wklug ixqfwlrqdo sdudphwhu lv uhtxluhg lq wkh yrodwlolw| ixqfwlrq,/ dqg wklv grhv qrw jxdudqwhh wkdw wkh pruh
frpsoh{ prgho zloo uhdoo| eh deoh wr kdqgoh wkh revhuyhg lpsolhg yrodwlolwlhv1

Wkh xvxdo lqsxwv zloo eh fds sulfhv ri d jlyhq vwulnh/ iru gl�huhqw pdwxulwlhv dqg vrph vzdswlrq sulfhv zlwk
d jlyhq h{huflvh gdwh/ gl�huhqw xqghuo|lqj pdwxulwlhv dqg pd| eh gl�huhqw h{huflvh udwhv1 Iurp d wkhruhwlfdo
srlqw ri yxh/ wkh h{huflvh udwhv ri wkh fdsv dqg wkh vzdswlrqv pd| eh fkrvhq duelwudulo| > Lq sudfwlfh/ wkh| zloo
ghshqg rq wkh nlqg ri lqwhuhvw udwh ghulydwlyh wkdw kdv wr eh sulfhg1

Zh fdq wdnh dgydqwdjh ri wkh h{solflw sulflqj irupxodv iru fdsv dqg vzdswlrqv wr ghulyh wkh sdudphwhuv ri wkh
glvfrxqw erqg yrodwlolw| ixqfwlrq1 Zh zloo zrun %iruzdug%/ vwduwlqj zlwk vkruw0whup fdsv dqg vkruw vzdswlrqv rq
vkruw vzdsv dqg wkhq lqfuhdvh wkh pdwxulw| ri wkh fdsv dqg ri wkh xqghuo|lqj vzds lq wkh vzdswlrqv1 Lqgxfwlrq

44



khuh kdv qrw wkh vdph phdqlqj dv lq Mdpvklgldq +4<<4, vlqfh wkh hyroxwlrq htxdwlrq +ru Irnnhu0Sodqn htxdwlrq,
lv qrw xvhg1 Xvlqj qrq wlph krprjhqhrxv yrodwlolw| ixqfwlrqv doorzv dq h{dfw dmxvwphqw wr wkh vhw ri revhuyhg fds
dqg vzdswlrq sulfhv zlwk d vlqjoh idfwru prgho1 Wklv dssurdfk lv gl�huhqw iurp Eudfh dqg Pxvlhod +4<<7, zkhuh
wkh yrodwlolwlhv duh wlph krphjhqhrxv +wkxv ghshqglqj rq uhdo sdudphwhuv +�l> �l,,/ lq d Jdxvvldq pxowlidfwru
iudphzrun1

S�� ��wW�+�AW�� `WAO � ����w,A, 5,A �6 ��AW�� �+W�,5�

Ohw xv �uvw frqvlghu wkdw zh revhuyh vzdswlrq sulfhv zlwk h{huflvh gdwh gl dqg zlwk doo |hduo| xqghuo|lqj
vzds pdwxulwlhv/ dqg wkdw zh dovr revhuyh fdsohw sulfhv fruuhvsrqglqj wr doo fxuuhqw shulrgv q1 E| surshuw|
:/ wkh wkuhh prqwk fdsohw sulfhv zloo surylgh d vhw ri zhoo gh�qhg V+m> m,> m A 31 Wr jhw wkh V+l> l . 7q,/ zh
pxvw surfhhg uhfxuvlyho| = lw lv hdvlo| vhhq wkdw V+l> l . 7, lv fruuhfwo| gh�qhg1 Ohw xv dvvxph wkdw zh nqrz
V+l> l.7n,> n � q�41 V+l> l.7q, vkrxog wkhq eh nqrzq e| vroylqj htxdwlrq +5:,1 Xqiruwxqdwho|/ wklv htxdwlrq
pljkw qrw kdyh dq| vroxwlrq1 Hyhq li wkhuh lv V+l> l.7q, vroylqj +5:,/ zh pd| kdyh V+l> l.7q, ? V+l> l.7+q�4,,1
Lq wkdw fdvh/ wkh fdoleudwlqj surfhgxuh idlov1 Wklv phdqv wkdw wkh revhuyhg vzdswlrq sulfh zlwk xqghuo|lqj vzds
pdwxulw| ri q |hduv frqglwlrqdo lv wrr vpdoo zkhq frpsduhg wr vzdswlrq zlwk vkruwhu xqghuo|lqj vzdsv > lq wklv
fdvh/ wkh whup vwuxfwxuh ri vzdswlrqv yrodwlolwlhv lv wrr ghfuhdvlqj ru wrr lqfuhdvlqj wr eh h{sodlqhg e| dq| rqh
idfwru OJP prgho1 Wklv lv gxh wr uhvwulfwlrqv rq lqwhuhvw udwh glvwulexwlrqv lq rqh idfwru prghov/ wkdw suhyhqw
odujh wzlvwv lq wkh |lhog fxuyh1

Rqfh wkh V+l> l. 7q, dqg V+m> m, kdyh ehhq frpsxwhg/ zh kdyh wr fkhfn frpsdwlelolw| frqglwlrqv ri surshuw| 9
dqg �qg vrph jhqhudwlqj vhtxhqfhv �J dqg �K1

Lq sudfwlfh/ qrw doo uhohydqw fdsohw sulfhv dqg vzdswlrq sulfhv duh revhuyhg > rqo| sulfhv ri iruzdug fdsv fdq
hdvlo| eh revhuyhg dqg vrph xqghuo|lqj vzds pdwxulwlhv duh qrw txrwhg rq vfuhhqv1 Wkh %plvvlqj sulfhv%
fdq eh rewdlqhg e| vrph lqwhusrodwlrq phwkrg1 Wkh sureohp zlwk wklv whfkqltxh lv wkh vdph dv phqwlrqqhg
zkhq jhqhudwlqj d frqwlqxrxv vhw ri sulfhv1 Li wkhuh lv d vroxwlrq wr wkh fdoleudwlqj sureohp/ lw zloo kdyh jrrg
surshuwlhv +l1h lw zloo frqvlvwhqw zlwk wkh wuxo| revhuyhg sulfhv,1 Li wkhuh lv qr vroxwlrq/ wkhq wklv pd| gxh wr
wkh lqwhusrodwlrq whfkqltxh1

Li frpsdwleoh fds dqg vzdswlrq lpsolhg yrodwlolwlhv duh h{wudfwhg/ wkhq/ e| surshuw| 6/ doo wkh uhtxluhg ixqfwlrqv
iru sulflqj frpsoh{ rswlrqv/ phqwlrqqhg lq vhfwlrqv : dqg ;/ zrxog eh nqrzq iurp wkh revhuydwlrq ri vwdqgdug
rswlrqv1

S�2 �W,�,`W5, ���5A��A �,�� +,V,+5W�� ��+��,A,+ ��# W��
����w,A, 5,A �6 �+W�,5

Wkh frpsohwh nqrzohgjh ri ixqfwlrq V+n> o, iurp dq lqfrpsohwh vhw ri revhuyhg fdsv dqg vzdswlrqv sulfhv
uhtxluhv ixuwkhu dvvxpswlrqv1 Lw fdq eh dfklhyhg e| dvvxplqj iru lqvwdqfh wkdw wkh sdudphwhu ixqfwlrq �+w, lv
slhfhzlvh frqvwdqw rq lqwhuydov ^g7q> g7+q.4,^ +wkh �uvw lqwhuydo ehlqj ^3> gl.7^,1 Zh zloo ghqrwh �q wkh ydoxh ri
�+w, rq lqwhuydo ^gl.7q> gl.7+q.4,^ dqg �3/ wkh ydoxh ri �+w, rq wkh �uvw lqwhuydo ^3> gl.7^1 Zh dvvxph khuh wkdw
zh kdyh doo xqghuo|lqj vzds pdwxulwlhv > iru lqvwdqfh/ zh kdyh d vhw ri xqghuo|lqj vzds pdwxulwlhv htxdo wr rqh
|hdu/ wzr |hduv/ wkuhh |hduv dqg vr rq xs wr whq |hduv1
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91514 Fdoleudwlrq rq wkh �uvw lqwhuydo ^3> gl.7^1

Ohw xv fkrrvh J+w, @ J3>3+w,1 Zh fdq qrwlfh wkdw =

�
V+l. 4> l. 7,

V+l. 4> l. 4

� 4
5

@
J+gl.7,�J+gl,

J+gl.4,�J+gl,
= +67,

E| lqwhjudwlqj J3/ zh jhw =

J+gl, @
4� h{s��3gl

�3
> +68,

J+gl.4, @
4� h{s��3gl.4

�3
> +69,

J+gl.7, @
4� h{s��3gl.7

�3
> +6:,

�
V+l. 4> l. 7,

V+l. 4> l. 4,

� 4
5

@
h{s��3gl � h{s��3gl.7

h{s��3gl � h{s��3gl.4
= +6;,

Vroylqj wklv htxdwlrq jlyhv �3 dqg wkxv J+gl,> J+gl.4,> J+gl.5,> J+gl.6,> J+gl.7,1 Wkhq K+il.n,> n @ 4 = = = 7 lv
frpsxwhg wkurxjk =

K+il.n, @
V+l. n> l. n,

+J+gl.n,�J+gl.n�4,,
5 > n @ 4> 5> 6> 7= +6<,

Hyhu| whup rq wkh uljkw kdqg vlgh ri wkh htxdwlrq lv douhdg| nqrzq1 Vlqfh zh nqrz
J+gl,> J+gl.4,> J+gl.5,> J+gl.6,> J+gl.7, dqg K+il.4,> K+il.5,> K+il.6,> K+il.7,/ zh fdq frpsxwh wkh V+n> o,
iru doo n> o 5 ^l. 4> l. 7`1

Zh fdq qrwlfh wkdw/ vlqfh �3 lv nqrzq/ J+go, lv dovr nqrzq/ ;o 5 ^3> l. 7`1

Li zh dvvxph wkdw zh kdyh fdsohw sulfhv iurp wlph g3/ wkhq yrodwlolw| ixqfwlrqv V+n> n, duh nqrzq iru doo
n 5 ^4> l. 7`1 Wklv doorzv wkh frpsxwdwlrq ri K+in,> ;n 5 ^4> l. 7`1 Lq wklv fdvh/ zh nqrz wkh edvlf yrodwlolw|
ixqfwlrqv V+n> o,> ;+n> o, 5 ^4> l.7`51 Wklv phdqv wkdw zh duh deoh wr sulfh vzdswlrqv zlwk vkruwhu h{huflvh gdwhv
wkdq wkh rqhv zkrvh sulfhv duh revhuyhg1

Dqrwkhu lqwhuhvwlqj frqvhtxhqfh ri wkh suhylrxv surshuw| lv wkdw lw lv srvvleoh wr frpsohwho| ghulyh wkh yrodwlolw|
ixqfwlrq zlwk rqo| rqh vzdswlrq sulfh +zkdwhyhu wkh h{huflvh gdwh, dqg wkh zkroh vhw ri fdsohw sulfhv/ dvvxplqj
wkdw wkh phdq uhyhuwlqj sdudphwhu lv frqvwdqw1 Zh kdyh mxvw vhhq wklv surshuw| iru gdwhv vkruwhu wkdq wkh
h{huflvh gdwh ri wkh vzdswlrq1 Iru orqjhu gdwhv/ J+go, lv nqrzq dvvxplqj �+w, @ �3 lv frqvwdqw wkurxjk suhylrxv
J h{suhvvlrq1 Wkhq K+io, lv frpsxwhg wkurxjk lwv suhylrxv h{suhvvlrq1 Wklv fdvh lv lq idfw yhu| vlplodu wr
Fkhuerqqlhu dqg Odxuhqw +4<<6, zkhuh �+w, lv dvvxphg wr eh frqvwdqw h{fhsw wkdw qr vsolqh lqwhusrodwlrq lv
uhtxluhg wr jhw wkh lpsruwdqw yrodwlolw| ixqfwlrqv suhvhqw lq wkh sulflqj irupxodv1

91515 Fdoleudwlrq ri ixuwkhu shulrgv

Ohw xv dvvxph wkdw wkh fdoleudwlrq ryhu wlph lqwhuydov xs wr ^gl.7+q�4,> gl.7q^ kdv doorzhg wkh frpsxwdwlrq ri
J+go,> ;o 5 ^3> l. 7q`/ ri �o> ;o 5 ^3> q� 4` dqg ri K+iq,> ;q 5 ^4> l. 7q`1 E| frpsxwlqj J3/ zh jhw =

J3+w, @ J3+gl.7q, h{s��q+w� gl.7q,> ;w 5 ^gl.7q> gl.7q.7`= +73,

E| lqwhjudwlqj J3 ehwzhhq gl.7q dqg gl.7q.7/ zh jhw =

J+gl.7q.n,�J+gl.7q, @ J3+gl.7q,
4� h{s�i�q+gl.7q.n � gl.7q,j

�q
> ;n 5 ^4> 7`= +74,
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Zh fdq qrwlfh wkdw =
V+l. 4> l. 7q. 7,

4
5 @ K+il.4,

4
5 +J+gl.7q.7,�J+gl,,> +75,

jlyhv J+gl.7q.7,/ vlqfh V+l . 4> l . 7q . 7, lv nqrzq iurp vzdswlrq sulfhv1 Wkhq htxdwlrq +75, +n @ 7, jlyhv
�q/ vlqfh J+gl.7q, dqg J3+gl.7q, duh nqrzq1 Rqfh �q lv nqrzq/ wkh frpsxwdwlrq ri J+gl.7q.n,> n @ 4> = = = > 7
lv gluhfw wkurxjk htxdwlrq +75,1 Wkh frpsxwdwlrqv ri K+il.7q.n,> n @ 4> = = = > 7 duh grqh wkurxjk wkh iroorzlqj
htxdwlrq =

K+il.7q.n, @
V+l. 7q. n> l. 7q. n,

+J+gl.7q.n,�J+gl.7q.n�4,,
5 > n @ 4> = = = > 7= +76,

Wklv frpsohwhv wkh fdoleudwlrq1

. � �,` �N�,+�W+,�

Lq wklv vhfwlrq/ zh lqwurgxfh d qhz qxphudluh wkdw lv frqyhqlhqw wr sulfh sdwk ghshqghqw lqwhuhvw rswlrqv vxfk
dv lqgh{ dpruwl}lqj vzdsv1

Zh kdyh douhdg| vhhq wkdw lqyhvwlqj dw Oleru lv d iruzdug lqyhvwphqw = wkh ixqgv duh wudqvihuhg wr wkh eruurzhu
wkh rshq gd| diwhu wkh qhjrfldwlrq1 Zh pxvw wkhq glvwlqjxlvk ehwzhhq d vhw ri �{lqj +ru vhwwohphqw, gdwhv/
i4> = = = > iq> = = = dqg d vhw ri lqyhvwphqw dqg sd|phqw gdwhv/ g3> g4> = = = > gq> = = =1 i4 lv wkh wlph dw zklfk wkh fds ru
wkh dpruwl}lqj fds zloo eh qhjrfldwhg1 Lq wkh fdvh ri d fds g3 zloo eh wkh h{huflvh gdwh/ g4 zloo eh xvxdoo| wkh
�uvw sd|phqw gdwh +li wkhuh lv d �uvw �{lqj,1 Wkh wzr vhwv duh rughuhg =

i4 ? g3 ? i5 ? g4 ? = = = ? iq ? gq�4 ? iq.4 ? = = = ? iQ ? gQ�4 ? gQ >

gQ lv wkh odvw sd|phqw gdwh1 Wkhuh lv qr �{lqj mxvw sulru wr wkh odvw sd|phqw gdwh1

Lqyhvwphqw dw Oleru lpsolhv qhjrfldwlrq ri wkh +iruzdug, udwh dw wlph iq/ ehwzhhq wlphv gq�4 dqg gq1 Oleru dw
wlph iq lv gh�qhg e| =

4 . Oleru+iq,

�
M+gq�4> gq,

693

�
@ h{s^|+iq> gq�4> gq,+gq � gq�4,`= +77,

Ohw xv frqvlghu qrz wkh iroorzlqj lwhudwhg +ru uroo0ryhu, Oleru lqyhvwphqw vwudwhj| =

0 Dw wlph w/ iq�4 � w ? iq/ wkh sruwirolr lv lqyhvwhg lq glvfrxqw erqgv wkdw pdwxuh dw wlph gq�41 Wkxv/ wkh
ydoxh ri wkh sruwirolr vkrxog eh nqrzq dw wlph gq�41

0 Dw wlph iq +iq ? gq�4,/ wklv nqrzq dprxqw lv lqyhvwhg iruzdug iurp wlph gq�4 wr wlph gq dw wkh suhydlolqj
iruzdug udwh |+iq> gq�4> gq,1 Wkxv wkh sruwirolr lv lqyhvwhg lv glvfrxqw erqgv pdwxulqj dw wlph gq1

Wkh lqlwldo ydoxh ri wkh sruwirolr dw wlph i4 lv = a�+i4, @ 41 Wklv dprxqw lv lqyhvwhg lq glvfrxqw erqgv pdwxulqj
dw wlph g41 Wklv fdq eh gxsolfdwhg dv dq lqyhvwphqw ehwzhhq wlph i4 dqg wlph g3 dqg d iruzdug lqyhvwphqw
ehwzhhq wlph g3 dqg wlph g41

Wr hqg wklv lwhudwhg vwudwhj|/ wkh odvw iruzdug lqyhvwhphqw lv pdgh dw wlph iQ dqg wkxv/ wkh ydoxh ri wkh sruwirolr
lv gh�qhg xqwlo wlph gQ 1

Wkh ydoxh ri wkh qxphudluh lv wkhq jlyhq e| =

a�+w, @ S +w> gq,
4

S +i4> g3,

q\
l@4

4

S +il> gl�4> gl,
> ;w> iq � w � iq.4> +78,
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zlwk wkh frqyhqwlrqdo qrwdwlrq iQ.4 @ gQ 1 Lq sduwlfxodu wkh ydoxh ri a� dw wlph gQ lv frpsrxqghg dw iruzdug
udwhv dqg lv jlyhq e| =

a�+gQ , @
4

S +i4> g3,

Q\
l@4

4

S +il> gl�4> gl,
> +79,

a�+gQ , @ h{s

%
+g3 � i4,|+i4> g3, .

Q[
l@4

+gl � gl�4,|+il> gl�4> gl,

&
> +7:,

a�+gQ , @ h{s ^+g3 � i4,|+i4> g3,`
Q\
l@4

�
4 . Oleru+il,

�
gl � gl�4

693

��
= +7;,

Iru w 5 ^3> gQ `/ ohw*v gh�qh wkh ixqfwlrq g+w, e| = g+w, @ gq/ vxfk wkdw = iq � w ? iq.4 ? gq1 g+w, lv vrph nlqg
ri %vwulfw% qh{w sd|phqw gdwh diwhu wlph w1

ga�+w, @ u+w,a�+w,gw. �+w> g+w,,a�+w,gZw= +7<,

Zh ghqrwh aT/ wkh suredelolw| phdvxuh xqghu zklfk
S +w> W ,
a�+w,

lv d pduwlqjdoh1 E| Jluvdqry*v wkhruhp/ zh nqrz

wkdw =

Zw @ aZw �
] w

3

�+v> g+v,,gv= +83,

zkhuh aZw lv d vwdqgdug eurzqldq prwlrq xqghu aT1

H #v���W�5 �6 �W��+ +�A,5 N�#,+ AO, +W5k �,N�
A+�w �+����WwWAv �55��W�A,# A� AO, �,` �N�
�,+�W+,�

Oleru udwhv duh gluhfwo| olqnhg wr wkh dvvrfldwhg iruzdug udwhv |+iq> gq�4> gq,1 Wkh g|qdplfv ri wkhvh udwhv duh
jlyhq e| =

|+iq> gq�4> gq, @ |+3> gq�4> gq, .
J+gq,�J+gq�4,

gq � gq�4

] iq

3

�+v,

J3+v,
gZv

.
4

5

J+gq,�J+gq�4,

gq � gq�4

] iq

3

�5+v,

J35+v,
iJ+gq, .J+gq�4,� 5J+v,j gv= +84,

Wkh g|qdplfv ri wkh iruzdug udwh dvvrfldwhg wr wkh Oleru vdylqjv dffrxqw ulvn0qhxwudo suredelolw| lv jlyhq e| =

|+iq> gq�4> gq, @ |+3> gq�4> gq, .
J+gq,�J+gq�4,

gq � gq�4

] iq

3

�+v,

J3+v,
g aZv

.
4

5

J+gq,�J+gq�4,

gq � gq�4

] iq

3

�5+v,

J35+v,
iJ+gq, .J+gq�4,� 5J+g+v,,jgv= +85,

Wklv dovr jlyhv wkh h{suhvvlrq ri wkh iruzdug udwh dw wkh suhylrxv shulrg =

|+iq�4> gq�5> gq�4, @ |+3> gq�5> gq�4, .
J+gq�4,�J+gq�5,

gq�4 � gq�5

] iq�4

3

�+v,

J3+v,
g aZv

.
4

5

J+gq�4,�J+gq�5,

gq�4 � gq�5

] iq�4

3

�5+v,

J35+v,
iJ+gq�4, .J+gq�5,� 5J+g+v,,jgv= +86,
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Iurp +85, dqg +86,/ lw fdq eh vhhq wkdw =

aH^|+iq> gq�4> gq, m |+iq�4> gq�5> gq�4,` @ O+gq�5> gq�4> gq,|+iq�4> gq�5> gq�4,

.P+iq�4> iq> gq�5> gq�4> gq,> +87,

aY ^|+iq> gq�4> gq, m |+iq�4> gq�5> gq�4,` @ Q+iq�4> iq> gq�5> gq�4> gq,> +88,

O+gq�5> gq�4> gq, @
J+gq,�J+gq�4,

J+gq�4,�J+gq�5,

gq�4 � gq�5
gq � gq�4

= +89,

P+iq�4> iq> gq�5> gq�4> gq, @ |+3> gq�4> gq,� J+gq,�J+gq�4,

J+gq�4,�J+gq�5,

gq�4 � gq�5
gq � gq�4

|+3> gq�5> gq�4,

.
4

5

J+gq,�J+gq�4,

gq � gq�4
i^J+gq,�J+gq�5,`K4+iq�4, . ^J+gq,�J+gq�4,`^K4+iq,�K4+iq�4,`j>

P+iq�4> iq> gq�5> gq�4> gq, @ |+3> gq�4> gq,� J+gq,�J+gq�4,

J+gq�4,�J+gq�5,

gq�4 � gq�5
gq � gq�4

|+3> gq�5> gq�4,

.
4

5

J+gq,�J+gq�4,

gq � gq�4
iK4+iq�4,^J+gq�4,�J+gq�5,` .K4+iq,^J+gq,�J+gq�4,`j> +8:,

P+iq�4> iq> gq�5> gq�4> gq, @ |+3> gq�4> gq,� O+gq�5> gq�4> gq,|+3> gq�5> gq�4,

.
4

5

J+gq,�J+gq�4,

gq � gq�4
iK4+iq�4,^J+gq�4,�J+gq�5,` .K4+iq,^J+gq,�J+gq�4,`j> +8;,

Q+iq�4> iq> gq�5> gq�4> gq, @

�
J+gq,�J+gq�4,

gq � gq�4

�5
+K4+iq,�K4+iq�4,,= +8<,

Rqfh zh jhw wkhvh frqglwlrqdo glvwulexwlrqv/ lw lv hdv| wr vlpxodwh wkh sulfh sdwk ri wkh qxphudluh/ a�+il,> l @
4> = = = >Q . 4 dqg wr ydoxh e| Prqwh Fduor whfkqltxhv dq| sdwk ghshqghqw lqwhuhvw udwh rswlrq/ zkrvh sd|r� lv
edvhg rq Sleru udwhv wdnhq dw �{lqj gdwhv iq dqg sdlg0r� dw vrph sd|phqw gdwh gl1 Zh fdq qrwlfh wkdw wkh
sulfhv ri wkhvh sduwlfxodu sd|r�v ghshqg rqo| rq wkh yrodwlolw| pdwul{ V+l> m,/ wkdw lv ghwhuplqhg e| fds dqg
vzdswlrq sulfhv1 Wkxv/ zkloh wkhuh pd| eh d odujh vhw ri suredelolw| phdvxuhv frqvlvwhqw zlwk revhuyhg sulfhv/
doo wkhvh phdvxuhv zloo jlyh wkh vdph sulfh iru wkhvh sduwlfxodu sd|r�v1 Dv d sudfwlfdo looxvwudwlrq/ vrph ri wkhvh
lqgh{ dpruwl}lqj vzds sd|r�v duh hpehgghg lq uhwdlo pruwjdjhv vxssolhg lq wkh Iuhqfk pdunhw/ ru fdq eh xvhg
lq wkh khgjlqj ri suhsd|phqw rswlrqv e| pruwjdjh edqnv1

b ����wN5W��

Zh pxvw hpskdvl}h wkdw wkh OJP ulvn qhxwudo suredelolw| wkdw fdq eh h{wudfwhg iurp revhuyhg sulfhv pd| eh
yhu| gl�huhqw iurp wkh dfwxdo suredelolw| dqg fdqqrw eh xvhg iru suhglfwlrq1 Hyhq wkh |lhog fxuyh prgho lv
zhoo vshfl�hg/ wlph ydu|lqj ulvn suhpld zloo pdnh lw gl�fxow wr lqihu dq|wklqj iurp wkh ulvn qhxwudo suredelolw|1
Pruhryhu/ li pdunhwv duh lqfrpsohwh/ wkhuh zloo eh khgjlqj uhvlgxdo ulvnv iru prvw rswlrqv dqg pxowlsolflw| ri
htxlydohqw ulvn qhxwudo suredelolwlhv1 Zh gr qrw hyhq fodlp wkdw wkh h{klelwhg OJP ulvn qhxwudo suredelolw| lv
htxlydohqw wr wkh wkh uhdo rqh/ vlqfh lw suhfoxghv vrph wzlvwv lq wkh |lhog fxuyh/ zklfk zh nqrz pd| kdsshq1
Wkh xvh ri d vlpsoh frpsohwh pdunhw prgho lq d pd|eh lqfrpsohwh pdunhw zruog fdq phuho| eh vhhq dv d zd|
wr frqvlvwhqwo| h{wudsrodwh ghulydwlyh sulfhv/ nqrzlqj wkh sulfhv ri edvlf ghulydwlyhv +l1h dyrlglqj vlpsoh vwdfwlf
duelwudjh rssruwxqlwlhv olnh d sd|r� vwulfwo| grplqdwlqj dqrwkhu sd|r� zlwk d vpdoohu sulfh,1

Wkh dssur{lpdwhg sulfhv zloo eh dffxudwh surylghg wkdw wkh fdoleudwhg OJP phdvxuh lv qrw wrr idu iurp wkh wuxh
sulflqj suredelolw|1 Lq rxu iudphzrun/ zh fdq uhdvrqdeo| jxhvv wkdw wklv lv wuxh iru qhdu0wkh0prqh| rswlrqv zlwk
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sd|r�v ghshqglqj sulpdulo| rq wkh ohyho ri udwhv/ udwkhu wkdq rq wkh vkdsh ri wkh |lhog fxuyh1 Wklv lqfoxghv d
zlgh udqjh ri rswlrqv vxfk dv lqgh{ dpruwl}lqj vzdsv/ dpruwl}lqj vzdswlrqv/ fdswlrqv ru dphulfdq vw|oh rswlrqv1

Rqh zd| wr fkhfn rxw rxu jxhvv zrxog eh wr orrn dw krz vwdeoh wkurxjk wlph duh wkh lpsolhg frqglwlrqdo
glvwulexwlrqv ri wkh %ohyho ri udwhv% +vrph dyhudjh ri udwhv ri gl�huhqw pdwxulwlhv zlwk srvlwlyh zhljkwv, xqghu
wkh rqh idfwru OJP prgho1 Zh pxvw vwuhvv wkdw wkh ixqfwlrqdo sdudphwhuv pd| ydu| txlfno| ryhu wlph/ zkloh
wkh lpsolhg frqglwlrqdo glvwulexwlrqv uhpdlq pxfk pruh vwdeoh1

Hyhq li wkhvh lpsolhg frqglwlrqdo glvwulexwlrqv ri lqwhuhvw udwhv ydu| gudpdwlfdoo| ryhu wlph/ wkh txdolw| ri
lqwhusrodwlrq pd| uhpdlq txlwh kljk > vlqfh wkh sxusrvh lv qrw wr jhw sdudphwhuv zlwk hfrqrplf phdqlqj/ exw
wr surylgh zhoo dssur{lpdwhg dqg frqvlvwhqw ghulydwlyh sulfhv/ wklv lqvwdelolw| lv qrw uhohydqw71 Krzhyhu/ lq vxfk
d fdvh/ wkh khgjlqj shuirupdqfh edvhg rq wkh sur{| prgho zrxog suredeo| eh srru1

Zh pxvw dovr vwuhvv wkdw zkhq wkh fdoleudwlrq surfhvv shuirupv zhoo/ zh jhw d txlfn zd| wr sulfh d zlgh udqjh
ri sdwk ghshqghqw lqwhuhvw udwh rswlrqv/ zkloh vwloo deoh wr uhsurgxfh fxuuhqw revhuyhg rswlrq sulfhv1

Wkh vwdqgdug dssurdfk iru fdoleudwlqj |lhog fxuyh prghov lv wr fkrrvh d prgho +zkdwhyhu lw lv, zlwk xqnqrzq sd0
udphwhuv +pd|eh ixqfwlrqdo, wr jr wkurxjk vrph fdoleudwlrq surfhvv zlwk revhuyhg sulfhv +e| iruzdug lqgxfwlrq
ru %klw dqg wu|%, dqg wkhq furvv �qjhuv zlwk wkh krsh wkdw wkhuh lv d xqltxh vhw ri lpsolhg sdudphwhuv1

Zh vkrz lq d sduwlfxodu dqg h{solflw h{dpsoh +wkh rqh idfwru OJP prgho, wkdw pruh dwwhqwlrq vkrxog eh jlyhq
wr zkhwkhu d vroxwlrq wr wkh fdoleudwlrq sureohp h{lvwv zlwkrxw vlpso| uho|lqj rq wkh idfw wkdw %wkhuh duh dv
pdq| htxdwlrqv dv wkhuh duh yduldeohv%1 Zh fdq uhdvrqdeo| jxhvv wkdw wklv h{lvwhqfh sureohp zloo rffxu zlwk
prvw prghov vshfl�hg rq d sulrul jurxqgv1

Vrph dxwkruv +Gxsluh +4<<6/ Uxelqvwhlq +4<<7,, kdyh dgguhvvhg wkh sureohp ri wkh lghqwl�fdwlrq ri wkh ulvn
qhxwudo surfhvv iru dq xqghuo|lqj ulvn| dvvhw1 Lq wklv dssurdfk/ wkh vhw ri suredelolw| phdvxuhv lv qrw d sulrul
frqvwudlqhg/ dv lq wkh jhqhudol}hg Ydvlfhn prgho > uhod{lqj wkh frqvwudlqwv rq wkh vhw ri suredelolw| phdvxuhv
zrxog zlghq wkh vhw ri dwwdlqdeoh sulfhv1 Dqrwkhu uhodwhg �hog ri ixwxuh uhvhdufk zrxog eh wr orrn zkhq d jlyhq
prgho zloo surylgh %jrrg dssur{lpdwlrqv% ri d vhw ri revhuyhg sulfhv1

e6Lh �?t|@?Uic �? )�i*_ U�h�i 4L_i**�?}c �| �t �i** !?L�? |�@| |�i T@h@4i|iht �? tT*�?i u�?U|�L?t @hi �?t|@M*i i�i? �u |�i �|

hi4@�?t ^��|i }LL_�
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Wkh iruzdug sulfh S +il> gm > gn, kdv wkh iroorzlqj uhsuhvhqwdwlrq =

S +il> gm > gn, @ S +3> gm > gn, h{s�
q
U+l> m> n,

4
5Y .U+l> m> n,@5

r
> +93,

zkhuh Y lv Jdxvvldq zlwk }hur phdq dqg xqlw yduldqfh xqghu wkh suredelolw| phdvxuh Tgm 1 Wkh surri lv d
vwudljkwiruzdug frqvhtxhqfh ri Ho Ndurxl hw do1 +4<<5,1

Ohw xv qrwh Dq wkh h{huflvh uhjlrq iru wkh fdsohw =

Dq @ i$ 5 Liq v=w S +iq> gq�4> gq,Nq ? 4j=
Wkh sulfh dw wlph }hur ri wkh fdsohw lv wkhq =

S +3> gq�4,H
Tgq�4 ^4Dq

�NqS +iq> gq�4> gq,4Dq
` > +94,

zkhuh wkh h{shfwdwlrq lv frpsxwhg xqghu wkh iruzdug ulvn qhxwudo suredelolw| +dvvrfldwhg wr wkh qxphudluh
glvfrxqw erqg S +w> gq�4,,1 E| +8<,/ zh fdq qrwlfh wkdw xqghu wklv suredelolw| =

S +iq> gq�4> gq, @ S +3> gq�4> gq, h{s�
�
V+q> q,

4
5Y .

V+q> q,

5

�
= +95,

Ohw xv ghqrwh Y �

q vxfk wkdw =

Y �

q @

�
orj^NqS +3> gq�4> gq,`� V+q> q,

5

�
V+q> q,�

4
5 = +96,

Wkh sulfh ri wkh fdsohw fdq wkhq eh h{suhvvhg dv =

S +3> gq�4,H
Tgq�4

�
4Y AY �q

��NqS +3> gq,H
Tgq�4

�
h{s�

�
V+q> q,

4
5Y .

V+q> q,

5

�
4Y AY �q

�
= +97,

Wkh �uvw h{shfwdwlrq lv vlpso| htxdo wr !+�Y �

q ,1 D vlpsoh fkdqjh ri yduldeoh jlyhv wkh vhfrqg h{shfwdwlrq/

!+�Y �

q � V+q> q,
4
5 ,1 Wklv jlyhv wkh sulfh ri wkh fdsohw1

Wkh h{huflvh uhjlrq ri wkh fdoo vzds lv jlyhq e| =

Dl>Q @ i$ 5 Lil.4 > Y +$, ? Y �

Qj zlwk Y �

Q vxfk wkdw =

4 @ u
Q[
q@4

S +3> gl> gl.7q, h{s�
�
V+l. 4> l. 7q,

4
5Y �

Q .
4

5
V+l. 4> l. 7q,

�

.S +3> gl> gl.7Q , h{s�
q
V+l. 4> l. 7Q,

4
5Y �

Q . 4

5
V+l. 4> l. 7Q,

r
=

+98,

Wkh uljkw kdqg vlgh lv d ghfuhdvlqj ixqfwlrq ri Y �

Q / lwv olplw lv 3 zkhq Y �

Q $ .4 dqg .4 zkhq Y �

Q $ �41
Wkxv/ Y �

Q h{lvwv dqg lv xqltxh iru dq| srvlwlyh iS +3> gl> gl.7q,> > q @ 4> = = = > Qj> iV+l.4> l.7q,> > q @ 4> = = = > Qj1
Wkh uljkw kdqg vlgh lv dovr dq lqfuhdvlqj ixqfwlrq ri wkh iruzdug glvfrxqw erqg sulfhv S +3> gl> gl.7q,1 Zh wkhq
fdq ghgxfh wkdw =

CY �

Q

CS +3> gl> gl.7q,
A 3=

Wkh sulflqj ri vzdswlrqv uhtxluhv wkh frpsxwdwlrq ri wkh iroorzlqj h{shfwdwlrqv +xqghu wkh ulvn qhxwudo sured0
elolw| dvvrfldwhg wr wkh }hur frxsrq erqg pdwxulqj dw wlph gl,1

S +3> gl,H
�
S +il.4> gl> gl.7q,4Y ?Y �

Q

�
>

S +3> gl.7q,H

�
h{s�

�
V+l. 4> l. 7q,

4
5Y .

4

5
V+l. 4> l. 7q,

�
4Y ?Y �

Q

�
=

Wklv lv grqh e| d vlpsoh fkdqjh ri yduldeoh dqg jlyhv wkh sulfh ri wkh fdoo vzds1
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^4` Edeev V1 K1/ D idplo| ri Lwr surfhvvhv prghov iru wkh whup vwuxfwxuh ri lqwhuhvw udwh/ suhsulqw/ Ilqdqfldo
Rswlrqv Uhvhdufk Fhqwhu/ Xqlyhuvlw| ri Zduzlfn/ Iheuxdu| 4<<41

^5` Edmhx{ L1/ Sruwdlw U1/ Sulflqj ghulydwlyh dvvhwv zlwk d pxowlidfwru prgho ri |lhog fxuyh/ suhsulqw Fhqwuh gh
Uhfkhufkhv HVVHF/ 4<<51

^6` Eodfn I1/ H1 Ghupdq/ Z1 Wr|/ D rqh idfwru prgho ri lqwhuhvw udwhv dqg lwv dssolfdwlrq wr Wuhdvxu| erqg
rswlrqv/ Ilqdqfldo Dqdo|vw Mrxuqdo/ 6606</ Mdqxdu|0Iheuxdu| 4<<31

^7` Eodfn I1/ S1 Ndudvlqvnl/ Erqg dqg rswlrq sulflqj zkhq vkruw udwh duh orj0qrupdo/ Ilqdqfldo Dqdo|vw Mrxuqdo/
Mxo|0Dxjxvw 4<<41

^8` Eudfh D1/ P1 Pxvlhod/ D pxowlidfwru Jdxvv Pdunry lpsohphqwdwlrq ri Khdwk/ Mduurz dqg Pruwrq/ Pdwk0
hpdwlfdo Ilqdqfh/ Yro1 7/ Qr1 6> 58<05;6/ Mxo| 4<<71

^9` Euhqqdq P1/ H1 Vfkzduw}/ D frqwlqxrxv wlph dssurdfk wr wkh sulflqj ri erqgv/ Mrxuqdo ri Edqnlqj dqg
Ilqdqfh/ 6/ 4680488/ 4<:<1

^:` Euhqqhu U1/ U1 Mduurz/ D vlpsoh irupxod iru rswlrqv rq glvfrxqw erqgv/ Dgydqfhv lq Ixwxuhv dqg Rswlrqv
Uhvhdufk/ 9/ 4<<51

^;` Eul|v H1/ P1 Furxk|/ U1 Vfkreho/ Wkh sulflqj ri ghidxow0iuhh lqwhuhvw udwh fds/ �rru/ dqg froodu djuhhphqwv/
Mrxuqdo ri Ilqdqfh/ 79/ 4;:<04;<5/ ghfhpehu 4<<41

^<` Fduyhukloo D1/ zkhq lv wkh vkruw udwh Pdunryldq/ Pdwkhpdwlfdo Ilqdqfh/ 7/ 6380645/ 4<<71

^43` Fkhuerqqlhu I1/ M1S1 Odxuhqw/ �hydoxdwlrq gh sdudp�hwuhv gdqv oh prg�hoh olq�hdluh jdxvvlhq/ zrunlqj sdshu/
Frpsdjqlh Edqfdluh/ Rfwrehu 4<<61

^44` Fo�hphqw H1/ F1 Jrxulhurx{/ D1 Prqiruw/ Suhglfwlrq ri frqwlqjhqw sulfh phdvxuhv/ wr dsshdu lq Mrxuqdo ri
Hpslulfdo Ilqdqfh1

^45` Fo�hphqw H1/ F1 Jrxulhurx{/ D1 Prqiruw/ Olqhdu idfwru prghov dqg wkh whup vwuxfwxuh ri lqwhuhvw udwhv/ wr
dsshdu lq Dqqdohv g*�Hfrqrplh hw gh Vwdwlvwltxh1

^46` Fr{ M1F1/ H1M Lqjhuvroo dqg V1D Urvv/ D wkhru| ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv/ Hfrqrphwulfd/ yro
86/ Q5/ Pdufk 4<;81

^47` Gx�h G1/ U1 Ndq1 D |lhog0idfwru prgho ri lqwhuhvw udwhv/ Vwdqirug Xqlyhuvlw|/ Mdqxdu| 4<<61

^48` Gxsluh E1/ Sulflqj dqg khgjlqj zlwk vplohv/ DIIL Frqihuhqfh/ Od Edxoh/ 4<<61

^49` Gxsluh E1/ Duelwudjh sulflqj zlwk vwrfkdvwlf yrodwlolw|/ GS/ 4<<61

^4:` Ho Ndurxl Q1/ Y1 Odfrvwh/ Pxowlidfwru prghov ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv/ zrunlqj sdshu/ Sdulv
YL Xqlyhuvlw|/ Mxqh 4<<81

^4;` Ho Ndurxl Q1/ U1 P|qhql/ U1 Ylvzdqdwkdq/ Duelwudjh sulflqj dqg khgjlqj ri lqwhuhvw udwh fodlpv zlwk vwdwh
yduldeohv = L Wkhru| / zrunlqj sdshu/ Sdulv YL Xqlyhuvlw|/ Pdufk 4<<51

^4<` Ho Ndurxl Q1/ M1F1 Urfkhw/ D sulflqj irupxod iru rswlrqv rq frxsrq erqgv/ VHHGV zrunlqj sdshu :5/ 4<;<1

^53` Iudfkrw/ D1/ Ohvqh M1S/ Hfrqrphwulfv ri olqhdu idfwru prghov ri lqwhuhvw udwhv/ zrunlqj sdshu/ Edqtxh gh
Iudqfh/ pd| 4<<61

^54` Iudfkrw/ D1/ Ohvqh M1S/ H{shfwdwlrqv k|srwkhvlv dqg vwrfkdvwlf yrodwlolwlhv/ zrunlqj sdshu/ Edqtxh gh
Iudqfh/ 4<<6e1

4<



^55` Iudfkrw/ D1/ R1 Vfdloohw/ Uhfrqvwlwxwlrq gh od frxueh ghv wdx{ hw prg�hohv g*duelwudjh/ Zrunlqj sdshu/
iheuxdu| 4<<81

^56` Khdwk G1 F1/ Mduurz U1 D1/ Pruwrq D1/ Erqg sulflqj dqg wkh whup vwuxfwxuh ri lqwhuhvw udwhv = d qhz
phwkrgrorj| iru sulflqj frqwlqjhqw fodlpv ydoxdwlrq/ Hfrqrphwulfd/ Yro1 93/ q4/ s ::0438/ mdqxdu| 4<<51

^57` Khdwk G1 F1/ Mduurz U1 D1/ Pruwrq D1/ Erqg sulflqj dqg wkh whup vwuxfwxuh ri lqwhuhvw udwhv = d glvfuhwh
wlph dssur{lpdwlrq/ Mrxuqdo ri �qdqfldo dqg txdqwlwdwlyh dqdo|vlv/ 58/ 74<0773/ 4<<31

^58` Kr W1V/ V1 Ohh/ Whup vwuxfwxuh pryhphqwv dqg sulflqj lqwhuhvw udwh frqwlqjhqw fodlpv/ Mrxuqdo ri Ilqdqfh/
74/ 43440435;/ 4<;91

^59` Kxoo M1/ D1 Zklwh/ Sulflqj Lqwhuhvw Udwh Ghulydwlyh Vhfxulwlhv/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 8:608<5/
4<<31

^5:` Kxoo M1/ D1 Zklwh/ Rqh0idfwru lqwhuhvw udwh prghov dqg wkh ydoxdwlrq ri lqwhuhvw0udwh ghulydwlyh vhfxulwlhv/
Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ Yro 5;/ mxqh 4<<61

^5;` Kxoo M1/ D1 Zklwh/ Erqg rswlrq sulflqj edvhg rq d prgho iru wkh hyroxwlrq ri erqg sulfhv/ Dgydqfhv lq
Ixwxuhv dqg Rswlrqv Uhvdufk/ 9/ 4046/ 4<<61

^5<` Mdpvklgldq I1/ Dq h{dfw erqg rswlrq irupxod/ Wkh Mrxuqdo ri Ilqdqfh/ 77/ 538053</ 4<;<1

^63` Mdpvklgldq I1/ Rswlrqv dqg Ixwxuhv hydoxdwlrq zlwk ghwhuplqlvwlf yrodwlolwlhv/ Pdwkhpdwlfdo Ilqdqfh/ 6/
47<048</ 4<<61

^64` Mdpvklgldq I1/ Iruzdug Lqgxfwlrq dqg frqvwuxfwlrq ri |lhog fxuyh gl�xvlrq prghov/ zrunlqj sdshu/ pdufk
4<<41

^65` Odqjhwlhj W1/ D pxowlyduldwh prgho ri wkh whup vwuxfwxuh/ Mrxuqdo ri Ilqdqfh/ 68/ :40<:/ 4<;31

^66` Olwwhupdq U1/ M1 Vfkhlqnpdq/ Frpprq idfwruv d�hfwlqj erqg uhwxuqv/ zrunlqj sdshu/ Jrogpdq Vdfkv/
Ilqdqfldo Vwudwhjlhv Jurxs/ 4<;;1

^67` Orqjvwd� I1 D1/ H1 Vfkzduw}/ Lqwhuhvw udwh yrodwlolw| dqg wkh whup vwuxfwxuh = d wzr idfwru jhqhudo htxlole0
ulxp prgho/ Mrxuqdo ri Ilqdqfh/ 7:/ 458<045;5/ 4<<51

^68` Srqfhw S1/ I1 Txlwwdug0Slqrq/ Ydoxdwlrq ri lqwhuhvw udwh ghulydwlyhv lq rqh idfwru lqwhuhvw udwh prghov/ GS/
HVVHF/ 4<<81

^69` Ulwfknhq S1/ O1 Vdqndudvxeudpdqldq/ yrodwlolw| vwuxfwxuhv ri iruzdug udwhv dqg wkh g|qdplfv ri wkh whup
vwuxfwxuh/ Pdwkhpdwlfdo Ilqdqfh/ Yro1 8/ Q31 4/ 880:5/ Mdqxdu| 4<<81

^6:` Uxelqvwhlq P1/ Lpsolhg elqrpldo wuhhv/ Mrxuqdo ri Ilqdqfh/ 7</ ::40;4;/ 4<<71

^6;` Ydvlfhn R1/ Dq htxloleulxp fkdudfwhul}dwlrq ir wkh whup vwuxfwxuh/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8/ 4<::1

^6<` Ydvlfhn R1/ K1 Irqj/ Whup vwuxfwxuh prghoolqj zlwk h{srqhqwldo vsolqhv/ Mrxuqdo ri Ilqdqfh/ 6:/ 66<0689/
4<;51
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